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Abstract. This study is an attempt at generalizing the class of partially 
hypoelliptic differential operators to a class of pseudodifferential operators, 
Symbol ideals are formed on the set of lineality and we discuss suitable 
topologies that allow the generalizations. 


1. Introduction 

The results in this study are an attempt to generalize results on formally partially 
hypoelliptic differential operators (cf. [2]) to more general operators. For a 
discussion on representations of pseudo differential operators we refer to (H). For 
a discussion on fundamental results on the class of differential operators, see (0). 

The generalization is based upon symbols in a (geometric) ideal 
/£(/) = ( ker h ), and f{Q = F'( 7 )(C), where 7 is considered in a dynamical 
system (or pseudo base), F’ is a lifting operator and ^ in a domain of holomorphy. 
The micro-local analysis is based upon the set of lineality and we will discuss 
generalizations of this set of invariance. We consider for instance the weighted 
lineality, of points ry, such that = h, for a self-adjoint and 

hypoelliptic polynomial Q and where denotes translation. A longer discussion 
on this set appears in the end of this study. 

Allthrough the study we will use the concept of monotropy (cf. [5]). A 
monotropic function is a continuous function / such that there exists a 
holomorphic function with zero’s within e distance from the zero’s to /. We 
consider monotropic ideals such that h = t^w, where w is algebraic in the sense 
that w{x^) = w‘^{x) and we write h w. A longer discussion on the monotropic 
functions and functionals is given in (El)- 

2. Symbols in a geometric ideal 

Reduced operators. Let’s define a real set, called the set of lineality, as the 
zero’s to a holomorphic function + itrj) — Px{^), 

Ac = {ryGR™; Pi^ + itr]) - PiC) = 0 G R", Vt G R} = 

We can define a pseudocoiivex neighborhood of using 

(1 -I- c I C 1)^ I Fa(C) P= C'^(C) for a. holomorphic function h G H{IP), U C U', for 
an open set U', for positive constants c,C and k. Let 

g{() = Ch{C,) — ( 1 -|- I C 1)^ I Fa(C) Pi be the holomorphic function defining U. P\ 
denotes for A G C the operator P — X. 
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Lemma 2.1. If Px is reduced for complex lineality (with respect to one 
dimensional translations), thus Ac = {0} , then there are positive constants c,C, 
such that (1+ I ^ < C I Px{£.) \ for all ^ G 

Assume He is the class of polynomials satisfying the inequality in Lemma | 2.11 for 
some constant c. For h((') = 0, since g* is reduced, for some positive integer t, 
there is a positive a, such that | ^ |'^<| g{^) |, for large ^ G R™. Thus, 

I ^ (j I | 2 t^ fQj. gome positive k". For | h{() |> 0, the inequality for 

h, is immediate. Assuming the defining polynomial is self-adjoint, we conclude 
that G H 1 (R"*). This means, for a sufficient number of iterations, 

a > k"/t and the polynomial is reduced. The constant A:" < 1, so there is a 
positive integer N (possibly smaller than t), such that a > 1/N and (p^ is 
hypoelliptic in L^. Note that this hypoellipticity is not dependent on A. 

Proposition 2.2. If P{D) is a constant coefficients, partially hypoelliptic 
operator, there is an iteration index Nq, such that P{D)^ is hypoelliptic in T>', for 
allN > No. 

We can prove a similar result for self-adjointness. The notation P < Q indicates 
that the quotient | {P/Q){f,) \ is bounded as | ^ |—>■ oo ^ real and P -<^ Q that the 
same quotient goes to zero as | ^ |—>■ oo. 

Lemma 2.3. Assume P and Q constant coefficients differential operators such 
that P ^ Q, Q hypoelliptic and {Pp, Qp) = 0 for all p G N{Q)^. Then P -<P Q. 

3. Geometric symbol ideals 

We have the following problem: For which class of operators, do we have that the 
iterated symbols define hypoelliptic operators? 

We will use notions and results from |18] . An ideal of holomorphic functions, in 
the sense of [TB], is an ordered set of (/, S), where / is holomorphic in 5 C 
that is closed for addition and multiplication with a holomorphic function, on the 
intersection of the domains corresponding to the functions. Two ideals are said to 
be equivalent, if for every point in the domain, any function in one ideal for this 
point, is in the other for the point. A local pseudo-base for the ideal (I), is a finite 
system /C of holomorphic functions Fj G (/) such that for every f G {!), 

/ = 0( mod 1C) in a neighborhood of a given point. If an ideal has a pseudo-base, 
then any equivalent ideal has a pseudo-base. A geometric ideal, is an ideal, 
defined as holomorphic functions and domains (/, <5), such that / = 0 on E fl 
where E is a given characteristic set (analytic set). 

Condition 3.1 (HE). A class of holomorphic functions K, is said to have the 
property [HE), if it satisfies the criterion on complex zero’s for hypoellipticity, 
that is if f G (I) and f is such that f{C() = 0 and Im ( is hounded, then Re ( is 
bounded. 

(cf. ([U)) 

Lemma 3.2. Given (I), an ideal of holomorphic functions with the property 
\S.1\. we have a local pseudo-base. 
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Proof: The condition 13.11 defines a geometric ideal, why the Lemma follows from a 
theorem by H. Cartan [18] Ch VIII, sec.3 □. 

We will in this section study only entire functions of finite type. The ideals can 
thus be studied in the topology Exp p and we assume that p is chosen so 

that we have a product topology. Any (7°° (R)-function, real-valued and of 
exponentially finite (real) type, is the real part of an analytic function, in fact 
such a function is a real-analytic function itself. The same result holds in several 
variables for Exp A with product-topology, by iteration of the one-dimensional 
result. Thus, given a real-valued function in C'°°(R‘^) of (real) exponential type A, 
we have / = Re F in Exp A. 

Assume E{x, y) a kernel in (7°° (If x fl), If C R"^, that can be represented, by the 
real part of a holomorphic function / and thus has a representation in C°° by a 
real analytic function. Assume F has complex zero’s (in both variables separately 
), that include the set of common complex zero’s, for an ideal {Ire), defined by 
the property 13.11 Assume /C a local pseudo-base of holomorphic functions 
Fi,... ,Fp for {Ire)- According to Riickert Nullstellensatz ( [T5| l 


F^ = 0( mod /C) 


for some real number A. This means, that we can determine holomorphic 
functions Ai,..., Ap in iJ(r2 x If), such that F^ = X]j=i in iJ(r2 x If). 

As the regularizing operators are compact, we note that for reduced and 
regularizing operators the square root of the operator is dehned. More precisely, 
since the operator ideal of compact operators is idempotent, if we consider a 
reduced F S F n and F = [F^/^ F^/^] , we have that F^^^ corresponds to a 
compact operator and if we use that F fl is nuclear, we see that F^^^ € FI D L^. 

Assume Fi,..., Fp a pseudobase of hypoelliptic polynomials, V = C\jZp ., then 
locally Zp^ n = Zp^ fl fli, for a domain of holomorphy Hi. Since the 
pseudo-base elements are assumed hypoelliptic, it is sufficient to consider the real 
part Pj = Re Fj and we have Pi = HP 2 for instance with H real analytic in fli. 
Using parametrices to these operators, adjusted to S', we see that F 2 = HFi, 
where Fj are entire and of type 0 for j = 1,2. This means that, FI is entire and of 
type < 0 (study I = FIP 2 F 1 ) and is thus bounded and by Liouvilles’ theorem, 
constant ( if the argument is divided into two inclusions, we get H' = l/H” 
constant ) We conclude that Fi ^ P 2 and thus Fi ^ F 2 . The same argument can 
be applied for any pseudo-base elements. We can also use this argument to prove 
that it is sufficient to consider {Ire) as generated by hypoelliptic and equivalent ( 
in strength ) operators and over constant coefficients. 

A lacunary point for an ideal (/), is a point such that for all functions / G (J), / 
is not in (/) for this particular point. We have seen (cf. |8]) that for partially 
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hypoelliptic, constant coefficients polynomials, the set of lacunary points relative 
the corresponding ideal (Ihe), is a (locally) finitely generated set. 

The symbol E, can now be represented as 

E=l[brJ + br^7\ 

Over the lineality, we have that E = Ke f and outside this set we have that the 
difference is in Exp q ||.|| and in C°°. Particularly, if the symbol allows real 
support, the limit is well defined and uncomplicated. The set of complex lineality, 
can be defined as before, but we will have to prove a proposition analogous to 6r 
being portable by Ac. 


4. Lineality for an ideal 

Assume the ideal (/) defined by a homomorphism h, that is (/) = ( ker h). 
Consider now the lineality , A(/i), corresponding to h with h ^oo Re /i, where 
~oo refers to equivalence in strength (cf. [H]). If h is injective, naturally 
A(h(/)) = A(/) for all / € (/). Otherwise tv;/i(/) = h{f) is equivalent with 
— f & Jh and we define A/(h) = {77 Trjf — f G Jh for all / G (/)}. We 
assume in this context, that rj defines a full line. Assume further that h maps 
real-analytical functions on real-analytical functions. Using the theory on analytic 
functionals (cf. [T5] ), if brh is quasi-portable by Aj{h), then it is portable by 
A/(h). Quasi-portability means particularly that the limit y^mAi{h) 3 rj^o '’’vb'if) 
exists, independently of the choice of 77 G Ai{h) and assuming A/(/i) is analytic, 
we can conclude that brh is portable by Aj{h). Strictly speaking, if the ideal is 
over H{U), for an open set U, the porteur is U x A/, but we will write the 
porteur as A/, since br does not depend on U. 

For a reduced F, algebraic over r^, the equality t^{BF) = r^(i3)r^(F) = BE 
should be treated as Tr^BTr^ = B. Assume B = Ib', that is given by an integral 
operator with kernel B', then Tj^B = Br-rj- We assume also, 

B'(x rj, y — rj) = B'{x, y), that is 77 is in the lineality for the kernel, separately in 
each variable 77 G Ax^y{B'). Particularly, if 77 G A{h) and if ker Uh gives the 
coefficients to h(f) = 0 on the form of integral operators B with kernel B'. Then, 
for all B G ker ah, we have B'{x -I- 77,77 — 77) = B'{x, y). 

Assume / is not reduced, but partially hypoelliptic and h{f) with the same 
properties. h{f) — with Aj G H and Fj reduced and / = EjFj with 

Bj G H. Finally, h{Fj) = ajFj for constants aj and all j. Then, 77 G A{h{f)) 4 = 

77 G DjAiAj). If further h{Bj) = (3jBj for constants fij and all j, then 
A{h{f)) = A(/). Otherwise, = j3j G E[ not all constant, but with kernel / 3 '. 
Thus, 77 G A{h{Bj)) implies that / 3 ' are invariant in both variables separately for 
translation with rj. Finally, 

17 ^ Aa, y ( ^ 4 =^ TyBj Bj G Jh V_7 




ON PARTIALLY HYPOELLIPTIC OPERATORS.PART II: PSEUDO DIFFERENTIAL OPERATORS 


5. SCHWARTZ-TYPE TOPOLOGY 

We make the following proposition, assume (/) a symmetric ideal of holomorphy 
with topology of Schwartz-type (cf. |15| 1 and a compact translation. 

Proposition 5.1. //V' S (/) and 0 m | (^ \ -infinity. Then we have that 

= 'ijj = 0} is nowhere dense in N(I). 

Proof: 

Assume ip is approximated by reduced ipj S (/) such that di^ipj ^ 0. Let 
X = N{I) and assume ip defined on an open, small, complex set fl D AT. Assume 
further that Vj = {(p G id 4’ji.C} — '0(0} that as ipj —>■ ip, we have Vj f In 

case Vj is connected, we have an infinite zero on Vj for ipj — ip. Through the 
condition ip 0, if the | C |-infinity lies in a connected component in lim Vj, 
then dQipj d^ip, why the zero for ip is simple in the | (p |- infinity.D 

Assume ip{x) = Tx(p/(p^ where (p is considered on the real space. Let 
r = {cr ip{x) = 1 } and let L^- be the corresponding sets for the approximating 
sequence ipj. As ipj are reduced, the sets must be isolated points and as 
Ipj —>■ Ip, we must have Lj —>■ L, why if lim Vj connected, the set L must be a 
point. 

Note that a condition i/i —^ 1 in the | p |-inhnity should be compared with the 
condition of slow oscillation, when Im ip ^ 0, why we always assume (/) 
symmetric. Note that (/) with compact translation can be seen as radical and 
thus as finitely generated, why we expect the minimally defined situation. 

Lemma 5.2. Assume existence of {ipj} such that ipj —>■ ip and ipj reduced in (J) 
and such that dijipj 0: 0 Vj. Let L = {x ip = 1}. Then we have that T is an 
isolated point. 

Lemma 5.3. There is an approximating sequence {ipj} according to the 
previous Lemma. 

The second Lemma is immediate, since {Ired) C (/) and if the condition ip 0 
is satisfied for ip such that Re ^ 1 and Im ^ 0 as | ^ |—>■ oo, that is we are 

in the proposition considering the set {d{ip — 1) = {ip — 1) = 0 }, then the 
approximating sequence exists as the translation is assumed compact. 

Considering the first Lemma, if we do not have a connected component in the 
limit-point, there is at least one point in il where all the jets for lim ipj and ip 
coincide. Assume now dQipj — i/’i —>■ 0, with di^ipj 0 and ipi d^ip. We then 
have modulo monotropy that 7 ^ 0 in the limit point, why ip has a simple zero 
there. In the same manner we see that T is a point ( modulo monotropy ). 

Finally, we obviously have {ipi = ip = 0} is nowhere dense in X, why the 
proposition follows modulo monotropy. 

Consider the case with topology of Schwartz-type and weakly compact 
translation. More precisely, consider rad (!) and (!) is assumed as above with 
compact translation. If (/) = ker ui for a homomorphism ui, that we assume 
algebraic modulo monotropy, that is w is such that is locally injective. 
According to proposition 15.11 if ip 0 and w{ip) = 0, we have that 
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{([(^w^tjj) = w{ip) = 0} is nowhere dense in N{I). Further G (I) means that 
Ip ^rn 0 and {d(:^w{'ip^) = w{ip^) = 0} is nowhere dense in N{I) and for a suitable 
N we see that {d(^ip = pj = 0} is nowhere dense in N{I), where the argument is 
modulo monotropy. 


6 . Lacunary points 

There will be significant lacunary cases in this approach. For instance any case, 
where &r is not portable by the lineality, is lacunary for the symbolclass. More 
precisely, a lacunary case, is when the symbols g(a){'^tv)i ia f^e development of 
die) ~ are only locally constant in a neighborhood of 0. We study 
neighborhoods of F^, such that there exists constants Ct^e 

At,e = {rj I g{x + itg) - g{x) \< Ct,e} 

where g{(p) — g(x) has real type 0. Obviously, for any hnite t, these sets consist of 
all rj. We can find a-priori-estimates in m, 
log I g{a)(it'n) - g(a)(0) |< laiitg) where 

1 ^277 ^277 

log I 9ia)iitv + re*®) - 5 (a)(re*®) | x 
xd9k+i■.■9vdrk+i ■ ..dr^ 

Immediately, 7 a (0) = 0 and | 7 a(it??) |< et, for some small positive e. Further, 

I la{itg) \< MogMa(t-h5), where Ma(i?) = sup||t^||_^<^ | 5(a)(it??) - 5(a)(0) | and 

as usual Ma(i?)i^ —>■ 0 as | a |—>■ oo, for all R. Finally, we have the following 
result (cf. [12] Cor. 4.4.14). The belong number v^p{CP) is defined for a 
pluri-subharmonic function ip on an open set O C C** as 

W(C) = 1 ™ [ , where dp = Apj2Tr. 

r^oj C2n-2r2"-2 

Let V = iVg n O and p = \ log | 5 (C) — g{x) P, then Vg,{(p) = 0 for C G f2\C and 
Vg:,{(p) on V gives the order of zero in (p. 

Note that in the case where 5 (a) is only locally constant, we consider support-sets 
for for x G R"* on the form x G if and only if tx G for all t such 

that to < t < ti. Then obviously, G L^(C*f^ ^^j). Further, for ?? G 

I 9 (a)(-itri) |<| [ e"*<"^’**’'> 5 (a)(a;)da; |< || 

and using the norm for locally summable Fourier-transforms, Mg 

(1) I b)^g(„)(-it??) |< e'^*0’‘il’?)M;3(5(a)) 

where the last expression is well-defined, assuming that is not constant on the 
support-set that we are considering. Particularly, using Cauchy’s inequalities 

I 5(a)(tt??) |< Mt-I“l 

why I 5 (a)(*t 5 ) I-)- 0 as I a j-)- 00 and as t —>■ 00. As ti —^ 00 in ([T]), we see that 
5 (a) “t 0 , so we can consider support-sets that are actually regular cones. 
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Conversely, we have to consider a larger than the Lelong-number on the 
support-cones, to avoid degeneracy in ([1]). We get expressions like 

OO 

I DP{g{X)-g{x)) \< | x“ | 

d 

for = {g(a){itr]) - ff(a)(0)). 

We say that x' preserves a constant value, if F{x',y) is analytic for x' inner to a 
closed contour (assume product of contours) and y is outer to another closed 
contour, and if F{x',y) = f{x',y) — f{x',Xn) —)> 0 as y —>■ oo. Assume for instance 
C, C", Ci,C[ simple, closed contours in the respective planes x',Xn such that C 
inner to €[ and C outer to Ci. Assume F analytic for x' inner to C[ and y outer 
to Cl, a a point outer to C( and b a point inner to Ci. Then according to Cousin 
( |6| §24, Prop. 4), for any small positive e, there is a polynomial in 
{x' — a)“^, {y — b)~^, such that for x' inner to C, y' outer to C', 

I F[x',y) - ^-r) |< e 

x' — a y — b 

and we can produce estimates, for g S At^e as 

I f{x', Xn + itg) — f{x', Xn) |< £ + , for Constants Aa and x' inner to C. 

6.1. Lacunary points for the induced topology. Inducing a topology on the 
geometric ideal of operator symbols will affect the lacunary points for this ideal. 

In an attempt to understand this problem, we will modify the concept of a 
quasi-portable functional limit. T is said to be quasi-portable ( with respect to 
X) by an open set P C II, if there exists a pr G iff (H) such that T = tr.n(pT) 
where tr.n : (Ar)'(r) —?> (X)'(H). Let i* : (X)(n) —>■ (A')(r). If a measure p with 
respect to X, is portable with respect to X by P, then 

|< Pa:,'/' >|< C II (j) llx(r), for all </> G (^)(II), 

why in this case the measure is also strictly portable (with respect to X) by P. 
Assume more generally Pr a real, convex set. According to the theory of analytic 
functionals, if Ap is the indicator to Pc and hp{g) = limsupj_,,oo \ fog I I, 

for g real close to P, | ry |= 1 and F = F T (the Fourier-Borel transform) to 
T G H' and for Pc = Pr + jPr which we assume closed, (irR)° = (iPR)'*'. 
Assume p a measure with respect to A = iL fl that is 

(2) \yi^){x)\<CUl V0GA(L!) 

n an open set in containing x. Let Py = {ty, t G R} and 

Tc = {y, I p(</>)(a; + iPy)) |< C II (/) II V(/) G A(II -k iPy)}. 

We can assume II = R*^ and T'"" = H -|- iTy. Over Pc we obviously have 

(3) limp(</))(a:-f %) = p(lim (/))(a;-f Ily) 

and we claim that &rP can be considered as quasi-portable by P, the union over 
all finite constants C in ([2). The limits m are trivial over the lineality-set, that is 
= {y; y{4’){x + ity) = g{(j)){x)\lt Va:}. Outside Pc in a conical neighborhood, 

T C P, since the limit is trivial in A(T^), we have 

I lirnp((/))(a: -f ity') |< C" || </) || V(/i G X{T'^), 
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why the limit on the left side of ([3]) exists, for a new constant C'. Assume finally, 
that /i is reduced in L^, then for all (j) G X{T'^) and (Ty'/r)(x) = + ity') for an 

y' G T\r(; 7 , I {Ty>fi){(p){x) \< C" II (/> II and (j) G X{T"‘- ), where we have used that 
the translation will be bounded in X. We see that to any T C F, there is a 
translated measure, defining the same functional limit brfi- 

Proposition 6.1. Assume y, a measure with respect to fl H, then b^y is 
quasi-portable by the lineality for y. If y is a measure as above, such that also y is 
a measure with respect to fl H, we have for a ip G (1 H and XT = y{(jf) (x), 
T is semiportable by Fc = Fr + iFR, the lineality to 'y{(jf) when || (p ||< 1. 

If for a closed, convex set F, the functional T is portable by every convex 
neighborhood of F, then T is said to be semi-portable by F. 

Lemma 6.2. T is semi-portable by Fc if and only if hp{x -f ity) = 0 for 
iy G (*Fr)° or if and only if hp^x -\-ty) = 0 for y G (Fr)° = (Fr)^. 

It is thus, for our application of no significance if we consider real or 

complex translations. 

Assume now F — liiut^o + ty) — F{x)'\, where F is for instance y{(p){x), for 
a measure y, such that y G X'^^\ Assume F the lineality to y{(p), if || (p ||< 1, we 
have hp{x + ty) — 0 , for j/ G F, for all x, why T is semi-portable (with respect to 
X) by Fc- If hp{j]) < 1 for all y G ^F, where (5F = {y* Re < y*,y >= I y G F}, 
then T is portable by F and hp{ri) < Ar for all real y. Finally, if i* is defined as 
before with fl = and y G C'(C'^) is such that y G X and y = yi + y 2 with 
II llx(R'")= 0 - We then have that || y ||jr(Ri-)= constant(= 1) implies existence 
of a T G (X)'(Fc), such that i^iy) = T- Further, 

|< y,(p >|< c II y ||x(R'-)|| (p ||x(R‘')< C II (p ||x(R‘') • 

Thus, ^ is a measure with respect to X, strictly portable by Fc- 


7. A GLOBAL BASE FOR PARTIALLY HYPOELLIPTIC OPERATORS 
Define for Fj G X j = 1,... ,p, a set 

Gn = {{x,F,{x)) \drf\<l} 

where, dpf = brf — f, can be defined on real or complex arguments. Define an 
ideal {Iconst) over Gq, as g — brf — J2j ^r/ = g{ mod /C) (assume 

for now that we are dealing with entire functions) and where const is referring to 
constant coefficients Aj in the pseudo-base development. The zero’s for {Iconst) 
are given as points such that brf = 0( mod /C). We then have that Gq, can be 
approximated from the outside, by polynoniially defined sets. Further, 

/ = dr/( mod /C) where according to Lemma [20.11 dyf is of type 0. Over the set 
of lineality, we have f = g{ mod /C). Further, it is possible to construct a local 
pseudo-base for the projection of {Iconst) on the first variable in Gq. If / is of 
type A and g is developed in a local pseudo-base for {Iconst), according to the 
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remainder theorem, it can be given as a polynomial in Fj^s with holomorphic 
coefficients of type A. 

Consider, for this situation, lacunary points as points such that dpf ^ (Ihe) Note 
that if / S [Ire) is of type ^ > 0, then / is reduced. That is if f^°‘\itri) is 
constant 0, for all a , then 77 = 0. Since assuming 77 0, means 

S/ 3/0 ^ 0, for some /3, thus is not a constant y^ 0. If on the 

other hand = 0, for all /3, the type is 0!. 

The Cousin integral (HHi) is defined as 



where x is assumed as inner to 7 = 71 x ... x 7 ^, where 7 ^ are closed contours in 
respective plane, where L is a line containing the point in the y-plane 
(one-dimensional). L is assumed inner for a closed contour T and / is assumed 
analytic (regular) for {x,y) inner to (7,r). Assume I a line through 7/01 which 
does not intersect L in any other point and which is inner for T. Then $ is 
analytic (regular) for x inner to 7 and y not on L, but otherwise arbitrary. The 
analytic continuation $ can be shown to be analytic in 7/0 and on I, on one side of 
L. $ = $±/ (cf. 0). 

Proposition 7.1. Assume Ac the lineality set and « radical ideal of 

holomorphy taken over entire functions of type A > 0. Then there exists an ideal 
of holomorphy Ja, with the zero’s given by Ac, such that Ja ^ r{lHE)^- 

Proof: Assume g £ Ja, since this is a geometric ideal, we have g = Cj(f>j and 
we assume that in a sufficiently small neighborhood of Ac, (fj £ '’^'{Ihe), for all j. 
Thus g* S {Ire), for large t. Conversely, if g S r{lRE) and g = 0 on Ac, then 
g* = 0 on Ac and g‘ = OiT) in a neighborhood of Ac- We may assume A) = 0 
on Ac, for all i, which gives a development of g‘ in the pseudobase for Ja, which 
is a radical ideal.□ 

Assume g entire and in Ja and that g —>■ 0 on a line Li. Assume L 2 another line 
in the same coordinate-plane, it is then a corollary to Lindelof’s theorem, that 
g —>■ 0 on the sector between and including Li and L 2 . That is, since g is of type 
0 , there is a F analytic for 1 / | z |> e such that in this region, zg{z) = F(i) and 
the corollary can be applied on zg{z). The corresponding Cousin-integrals 



have the property that ipi + ip 2 = d- The argument can be repeated, so that 
$ = ipp = 0 describes the entire Ac. According to Cousin (cf. [5]) there is a 
"global" function which coincides with ipp on the corresponding inner sector for 
each p and such that $ — $ is analytic. We claim that the second Cousin-problem 
is solvable in this situation and that the ideal Ja has a global pseudobase. 
Particularly, if Ac = {0}, we have a global pseudo-base for {Ire)- 
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8. The Ruckert Nullstellensatz 

We have established that Re P G 'H+, where 'H+ denotes TLc for positive c and 
Im P « P implies P G P+, but the converse does not hold, that is P G P+ 
does not imply that Im P P, more precisely /+ C /+ C ?"(/+). According to 
the real version of Nullstellensatz, the given ideal I is radical if and only if 
Pi + ... P^ G I implies Pi G /, for all i. This is consistent with our results on 
hypoellipticity for self-adjoint polynomial-operators in Particularly, for a 

radical ideal of real symbols, locally | / pG / => Re /, Im / G / and in our case, 
the ideal is locally given by real zero’s. If for an ideal /, we let /* = { Re / / G /} 
and Ic = I* + il* the "complexified" ideal, it not difficult to see that /c = / if 
and only if I is radical. For symbols as entire functions, we give the following 
result 

Proposition 8 . 1 . Assume F = (Pi,... ,Fp) a global pseudo-base for the 
ideal of hypoelliptic symbols, self-adjoint and of type A and V = r\jN(Fj). If f is 
an entire function of type A, such that f = 0 on V, then according to Riickert’s 
Nullstellensatz, we can find constants Ai,..., Ap, such that 

( Im /)'*' = AjPj in If 

3 

for n a holomorphically convex neighborhood of V and for A > 0 real. 

In the polynomial case, assuming Re / G and A > 1, for / as in the 
proposition, we have / G I^e- ^phe ~ ^(^he) fh^n this must be a radical 
ideal, and it is locally defined by its real zero’s. 

9. The Whitney closure 

Assume, in analogy with Kohn’s approach 1|I3|1. a{T) = ■ For an analytic 

homomorphism b, b{ip){( + T) = ^^^&('0)(C) + C't- If C't = 0 we know that a is 
holomorphic and non-constant on a bounded set, symmetric around the origin. 

Let E(6('(/))) = {T -\-T) = b('if’){f) + C't}. Define the Whitney-closure, 

ji^={^ bm(:+T) = bmo+CT}. 

Proposition 9.1. There is an ideal (J) such that rad{J) ^ {Ict=o) 

Let Do = {T bmC + T)= 6(V^)(C)} with = {T &(i/>^)(C + T) = b{r){C)}. 
We can prove that f {0} as j f oo. Consider -ip = 0 on then 
tp G 1(11^'^)), where = N(J) for some J and ip G rad{J). Add a constant, 
such that Ip — c = 0 on this gives the result ( modulo monotropy ). We will 
now prove a correspondent to regular approximations of periodic points. 

Proposition 9.2. Consider the sets V = {T Bifj + T) = P(C)} and 
V' = {T DB(f + T) — DB((p)}, where D = D(^.^ ... . In the finitely generated 

case, we have that V D V' nowhere dense in V'. This means that there are 
Tj G S(i?) such that B((p -|- Tj) = P(C) + Cj and 0 ^ cj —>■ 0 as Tj —>■ Tq and 
ToGV. 

Proof: 

Assume (J) with Schwartz-type topology and with a weakly compact translation, 
in the sense that we assume tt is compact over (J) and weakly compact over 
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rad{J). Let B = h{f), f € (J) and reduced, then modulo monotropy, 

B^ and if = 1 for N > Nq we see that tt is compact over an iterate 

of B. Further ttB = h{T!pf), where = tt' is also a translation. For T G V' we 
have that B{C + T) — B{() = ct for all ( G B, a bounded set in pseudoconvex 
and where the constant ct is dependent on T. Assume further T ^ Tq G V. Our 
proposition is that there is a sequence of Tj in V such that Tj —?> Tq. For h 
algebraic, the result follows from the conditions on / and proposition 19.II For 
h = Tf^w and w algebraic, there is a Tj, tt^B^ — B^ = Ctj —>■ 0 as Tj —>■ Tq. 
Modulo monotropy, this means that h{TT^B — B) Ct, —>■ 0. The condition 
Tj G V' means that tt^B — B = C'rp. and we have h{C'rp.) Ct^ —>■ 0 as above.□ 

10. A MONOTROPY-IDEAL 

Cousin [ 6 ] uses the concept of monotropy as a weak sufficiency condition for 
solving the Cousin-problems. We will develop some results for pseudo-differential 
operators using this concept. Assume A a set of isolated points, for a continuous 
function g, then there is a holoniorphic function, with zero’s on A n 17, for an 
open set U. Let be a set such that P G A^r\U 3P' G A fl 17, such that 
I P — P' |< e. Let /e be the holoniorphic function that has zero’s on A,, fl U, we 
use the notation <?■ 

Rouche’s theorem can be used to define a "monopropy" ideal such that, 

/ G if there exists a homomorphism g, such that 

I Hf)-9{f) \< e I Hf) I on Sn 

for a small e > 0, where fl is a small disc-neighborhood of a point in N{Jh). This 
condition means that h{f) and g{f) have the same number of zero’s (counted with 
multiplicity) in fl. The condition particularly means that h{f) <?(/)■ Assume 
further that g is an algebraic homomorphism, g^{f) = g{f^) that commutes with 
h, such that g{f) — P G Jh, that is h{p) = hg{f). If we have h{f) — g{f) G A, 
then h{f'^) = h^if)- Otherwise, if / G with Zf C 

h^U) - HP) = HHf) - gif)) 0 , that is hHf) HP) over J^. In the 

simplest case g can be chosen as the identity operator. 

Given our analytic homomorphism h over an ideal (/), there is an algebraic 
homomorphism g, such that locally h g over (/). Assume h is a 
homomorphism with Zf C Z^f'j and injective. Further, O = nbhdZ/ and 
Hf) 7 ^ 0 on 50, where O = 0(P) and 1/P <| 1 -|- aj |, where W(/) = ajf. 
Assume further that R is so large that PC > 1/e, for a given e > 0, where C is 
such that I (f) — f \= C \ f \. Thus, there exists an open set O = 0(P) such 
that I h{f) — / |< e I / I on 50. If a = Hf)/f i® holomorphic on 50 and | a |> e 
on 50, the existence of an algebraic homomorphism (dependent on O) follows. 

For h such that H is injective, we have existence of a square g with respect to h, 
h~^gh = a, for a{f) = p. Thus, h~^g^h = o? and so on. If ha = ah, we have 
a~^9 = \/5 = 1- Again h{f) - g{f) = h{f) - p and h{f) - g{f) G Jh ^ 

H{f) = hip). Let 

If = {9 P 9 = 0 Zf nfi 3e small}. 
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where Te denotes translation and is a small domain of holomorphy around Zj. 

If h has integral representation, we have h:Ij —>■ continuously. This means 

that h does not spread zero’s much. For h such that h{f) Re ^(/) with 
injective and / reduced, we have /i(/)^(C) = 0 implies /i(/)(C) = 0 . Assume g the 
square with respect to h as above and h?{f) = g{TcfY, then h^(/) = 0 implies 
/ = 0. In the same way Teh?{f) = 0 implies Tef = 0, why e = 0. Note that h? is 
reduced if and only if is reduced. Thus, with these conditions, h'^if) = h{fY. 

Proposition 10 . 1 . Assume h a homomorphism with Re h ~oo h and 
injective, for N > Nq, Nq some positive number. Then we have over Jf^, that h is 
an algebraic homomorphism. 

Proof: 

The condition f G means that there exists an algebraic homomorphism g, such 
that Note that e depends on both / and f. Then 

if) = P) = 9 ^{Tef) means that e = 0 , thus (f) = h{f)^. □ 

Define (/™) = {/ h{f) = T^gif)} for an algebraic homomorphism g and for some 
e. We are assuming Htc = T^h, where also t' is assumed to be translation. Let 
Se = {/ Tef!f not constant }. We form {IJf) over 

(/) = {/ bounded and symmetric with respect to the origin }. We are 
assuming the translation (weakly) compact over (/), why g{Bf) has the same 
properties over (/). If / G we have ^ Further, if h{f) 

we have (with a different e) h{f)‘^ ff(/^)) that is the representation is invariant 

for iteration. Assume h(/^) h{f)^ (algebraic translation), then G (IJf) 

implies / G (I™), that is we have a radical ideal. 

II. Measure zero domains 

We know that polynomial operators are never regularizing as pseudo-differential 
operators and this means that necessarily polynomials do not have an infinite zero 
in the infinity (it has not complex dimension). Assume our system has polynomial 
right hand sides and consider an analytic surface S = {y = G{x)}, for a 
polynomial G. If /^^^(I-f | G'{x) \'^)dx = 0 and if (/) is a neighborhood of the 
origin, we have that the measure for (/) is zero. If | G'(x) p dx = 0, then as 
we shall see, there is a segment in (I) such that G'(x) = 0 on this segment. Then 
according to Hurwitz theorem, G'(x) = 0 on (I). The conclusion is thus 

dx > 0 I G'(x) dx > 0. Thus for all polynomials we have that the 

zero-set does not have positive area. 

Particularly, assume w is a polynomial in x, y given our conditions and 

wda = Qx — Pyda (we assume wdxdy = wdaft)). Given a finite 
integral on both sides, we see that there exist tOj ^ 0 such that ujj -G uj uniformly 
on compact sets. Further, that if (/) is a neighborhood of the origin 

/ ojda = 0 a{I) = 0 

hi) 

Note also that if g{x) = h{x)/x and /^^-^(l-l- | r]'{x) \'^)dx < oo, we have that the 
surface {y = g{x)} is normal. However, if | xg'{x) \'^ dx = 0 and dx > 0, 
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according to Hurwitz theorem, we have that xr]'{x) = 0 in (J) and = Mil 

(/). 

Assume an open subset of a Stein-variety V. We can define the quasi-porteur 
corresponding to an analytic functional in H'{V) as an open set where the 
functional has a local representation. A porteur is a set where we have 
representation of T G H'{X) by a measure with compact support. If 17 C X is a 
quasi-porteur for T G H'{X), we have for all neighborhoods W of 17, existence of 
a measure nw with compact support in W, such that T((j}) = (pdfiw for all 
(j) G H{X). If 17 is a complex-analytic quasi-porteur for ct, we can determine a 
measure /x with compact support on the boundary of 17, F', such that 

(4) f (j)d(j = I <f>dfi (j) G H{X) 

JQ Jr' 

such that I Jp, 4>dfi \< Csupp/ | (j){x) \ for F' D supp fi. If T is represented by /x in 
H', we can say for the restriction to a line L, that T{() = 0 means that 
\l= const.dL- In order to, starting from a dynamical system determine the 
porteur, we note that every subset W' such that da = 0, is a subset of the 
quasi-porteur. If we limit ourselves to the case with analytic 17’s, this is also a 
subset of the porteur. 


12. Symmetry 


Consider IriF) = F{x,y)dx and I^{F) = Jy F{x,y)dy. Assume for a domain 
17 C (!) X (/) and F = bdfl 


dJF d^F 


r Jz? 


This means that over (17). Further, It{F^) + Iy{F^) = 0 under the 

condition above, why if F is holomorphic, we have Ir{Fx) = 0 and F is constant 
over (17). Note that if IriF) = 0 for a polynomial in x, F, then outside (17), we 
have the polynomial case in y. Further, we can define the operators 
Tr{u) = Jy F{x,y)u{y)dy and Tp(u) = Jy F{x,y)v{x)dx. We can dehne a normal 
operator as an operator such that the image of a bounded sequence of x has a 
subsequence that converges uniformly on compact sets. 


Lemma 12.1. If, for a holomorphic function F, we have that f^j:^Fda = 0 we 
have that one of the following propositions is true, either da = 0 or F = 0 on 

Ul- 


In the polynomial case, we have seen that if (17) is a neighborhood of the origin, 
we have that the first condition holds. Note that if tvdxdy < oo and assuming 
uj polynomial in x, y, then also the measure for singularities must be zero. If F is 
holomorphic and da = 0, if also Fda = 0, we must have that F does not 
have an infinite zero in (17) 9 0 according to Hurwitz. Does F have to be a 
polynomial?. If F" = 0 on (17), we must have F G rad 1(17), so F is a polynomial 
in X, y. More precisely, for t = ti + it 2 , if H, ^2 are reduced, we have that 
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da(t) = 0 implies that (I) is algebraic. According to Nishino (cf. [T^), these 
sets are removable, for analytic continuation. 


If (/) 3 /j —> / G (/) with uniform convergence on compact sets, then 

N(fj) —>• N{f) (cf. dU). We will consider the sets Vj = {C fjdxdy = 0} and 

Vj = {C fjda{t) = 0}. For fj we thus have that either da(t) = 0 or / = 0 

dy ^ 0 


on (/). If dLr 0, we know that there are Tj such that dx H —j 


as j ^ oo and given that continuous, f - '^^)dxdy ^ 0 as 

j —>■ 00 . Thus, if Tj is chosen such that the integrand holomorphic, we have that 
(n) is a domain for symmetry. Assume Jjda{t) > 0 , then we have through the 


lemma that Vj C N{fj). Further, if the integral is taken over N{fj), we must 
have that Jj fjda{t) = 0. This corresponds to convergence Vj ^ V as j —>■ oo. 


We can form the ideals (J) = {/ fda{t) = 0 on F} and the ideal under 
topology for normal convergence, where the measure that involves an algebraic 
homomorphism, is considered as compact. Existence of a normal and regular 
approximation, gives according to Hurwitz theorem the same conclusions and we 
denote the corresponding ideal (J*), which is considered as weakly compact. More 
precisely, assume I(^j'){wj) —>■ /(/)(it;), uniformly on compact sets in Further, if 
Wj —>■ lu as a normal and regular approximation, then 

I(i){w) = limj = limj We must have that lim^ /(x)(w — Wj) ^ 0 

implies cr{X) = 0. Assuming w algebraic in x,y, we must have that 
W = {(x,y) limj Wj{x,y) = w{x,y)} has measure zero. For instance, let 
Wj{x, y) = w{xj, yj). In the same manner, W' = {C lim^ Wjix, y)(C) = w^(C)} tis-s 
measure zero with respect to a relevant measure 3F da{t) = T(d(). Note 

that since the integral is invariant for monotropy, we do not necessarily have that 
the Iq(w) are holomorphic. 


Assume F holomorphic and Fi continuous and Fi F on (/) and that 
f(i)^Fi — Fj)da(t) —>• 0 as j —>• oo, for Fj a holomorphic regular (in the sense of 
m ) approximation. Since the integral is invariant for monotropy, we have 
f(^f)(F — Fj)da —>■ 0 as j —>■ oo, why if Ei 7 ^ 0 on (/) it follows that da{t) = 0 

Proposition 12.2. Assume Tp defined as above with TpTp = TpTp and 
J \ F da < 00 , then Tp is a normal operator. 

Now define the operators 


Tr(u) = J G{x,y)u{y)dy a.iid Tp{u) = — J F{x,y)u{x)dx 

so that 2r(l) — T'p(l) = Jp Gdy + Fdx. If F, G are real and Jp Fdx + Gdy = 0, 
then —dG/dx = dF/dy and through mass-conservation dG/dy = —dF/dx. Thus, 
dG/dT = dF/dT. If G^ Fy, then Jp Fdx + Gdy = 0 and if G = with the 
notation (E^)* = so that G^- Fy = {F- {-^F) 0, we have that 
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< Tr{u),v >=< u, Tr{v) >. Define 5 'p(m, T) = — Jp F{x + T, y)u{x)dx and 
Tr{u) = limT->o Sr- 

Assume symmetry in the tangent space TS = {-^G for ^ real, that is 

G '^rn M + iC{y), where C is independent on x. For instance, if F — F* G (d)(D) 
where D is a domain for symmetry, we can form the closure (/)(D), then we have 
symmetry in the tangent space over D. If G = ‘F, we thus have 
In ~ fo’^ u,v G H{X), for *F,F in TS. Thus, Sr = S^ 

and Tr can be considered as the limit of self-adjoint operators. 

Assume 0 < J^da < oo and f Fda < oo. Assume Jq{F — A)da = 0 for a constant 
A. Further, F(<^) = F(x, y)</)da and FF* = F*F. We can prove that 
F*{(j)) = Af^ (jida. If /q I F p dcr < oo then S = {FF =| C p} is normal (cf. 

|I7p. If (F = G} is normal, then also S is normal. Determine a homomorphism 
h, which we assume self-adjoint and such that is locally injective and finally 


h(F) = 0 F \^=\ G 
dh{F) = 0 ^ F = G 


(5) 


We can assume that {F = G}n{| F | = | G |} is minimally defined. More precisely, 
if F is a singular point, we have that P can be reached through a regular and 
normal approximation from all directions. Particularly, F(^) = A f (pda can be 
approximated by | F | (<p). For </> in a bounded set corresponding to the normal 
tube (cf. [Ml), the corresponding operator Tr{(p) is normal. 

We now claim that if the vorticity w G and if /, g S where the 

monotropy-condition is on the boundary F to D, then if 

In (/: fn 9)da through a normal and regular approximation and if 

ww* = w*w and J \ w \‘^ da < oo, then the corresponding operator Tr is normal. 
If -jj- = [fr, h^fx)) is the regular approximation and if the dependence of T is 
polynomial in according to Hurwitz theorem, since polynomials do not have 
zero’s of infinite order, the zeroset for the polynomial must have measure zero. 

We can assume the parameter space in a domain of holomorphy or simpler, given 
existence of regular and normal approximations, we assume algebraic dependence 
of the parameter T in the tangent space, why all normal approximations 
algebraically dependent of the parameter T in the tangent space, can be assumed 
regular (by adding a regular approximation). 


13. The nil-radical with respect to da 


As long as we are considering characteristic sets of measure zero, analytic 
continuation can be assumed. If = 0 on P such that a{V) = 0, then we have 
seen that has a polynomial representation. If a(V} > 0, we have that 
/ G rad I(V), but as d(V) is a geometric ideal, we have / G I(V). Let 



and X = {(x, y) J gda = 0 g G Z} and D = (^ J gda = 0 g G Z}. If 
g = const, on a set V such that dg = 0 on V and if gj —>■ g in a normal and 
regular approximation, such that dgj ^ 0 and f {gj — g)da —>■ 0 as j —>■ oo then we 
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see that X = {{x,y) f {gj — g)da = 0 j —>■ 00 } is of measure zero. Assume that 
is a domain of holomorphy and / 0 on fda = 0, since da = 0 

if = 0 in ri\F, has polynomial representation there. If Z 9 /_, —>■/ in a 
normal and regular approximation, then f G Z, so Z is closed under normal 
convergence. 

We can easily consider {Lf) = {g /(/)(/ ~ g)da = 0}, for / such that 

fda < 00 , so the case with finite area can be compared to the ideal Z. We 
have earlier seen that = 0 on (/) implies / = c on a set X. Let 
Xi = N{{f ff-jj fda = 0}) and X 2 = N{{f pda = 0}) and so on. Then 
... C Xn C ... C X 2 C Xi and Xi = iJjXj 

Lemma 13.1. With the conditions above and if Xi is a domain of holomorphy, 
we have a{Xj) 0 as j f 00 . 

It is easily seen that existence of a / such that f^da = 0 and / = const ^ 0 

on implies da = 0. This gives a modified polynomial class 

(6) (i?n) [ fda = 0 ^ a(Z/) = 0 

Jn 

If n is of measure zero, then holomorphic / are in (Rq). If cr(fl) > 0, then 
polynomials are in (Rn). For pseudo-differential operators, it may be more 
interesting to consider 

(7) m f fix + T)-fix)da = 0^a{Ac)=0 

Jn 

where Ac = {T f{x + T) — f{x) = 0 Vx}. 

We can also consider the class of finitely generated symbols 

( 8 ) {FR’^) [ f^{x + T)-f^{x)da = 0^aiAc,(N))=0 

Jn 

where Ac,(jv) = {T f^ix + T) — f^ix) = 0 Vx}. This defines, modulo 
monotropy, the class of symbols that become reduced with respect to the measure 
after finitely many iterations. 

14. Ideals of holomorphy with induced topology 

It can be proved, that solvability for the second Cousin problem for an ideal of 
holomorphy (/), depends on choice of topology for (/). Assume (/) a geometric 
ideal and ft a neighborhood of its zero’s. For the first Cousin problem to be 
solvable we require that 17 is a holomorphically convex domain. For this domain, 
we have locally a pseudobase of holomorphic functions Fi,..., F,j. We are 
interested in topologies for which this base can be selected as global. Such a 
topology is said to have Oka’s property. 

Given a covering of 17, a v— dimensional domain of holomorphy {v > 1) hy open 
sets {I7i n I7j} and associated continuous functions giylff) = for a 

constant A, where pij a real or complex norm on 17. Assume | pij |= 1 and let 
PiiO = CXDi, where xn, G C“(I7) are of modulus < 1 and = 1 on I7i. Then 
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gij{Q = . The topological space has Oka’s property and 

II G ||p,A= supjj- I gi,j{C)G{() I is a Banachspace over (/). 

The choice of pij can be varied, for instance if 

(9) ci(i+ici)-"<iG(c)i<c2(i+ici)''i^r'= 

where C = ? + 0 <| ry |< r a positive constant r and where A, B are 

arbitrary constants. If G is analytic in the tube C an open, connected cone in 
then for a compact subcone C, bpG exists uniquely in S'. If 

(10) cUl+|?|)^'<|G(C)|<c'(l+U|)^'|r7r'= 

for constants A', B' and C = ^ + we have a topology which can be compared 
with (included in) the topology for invertible measures. In both these cases, O has 
Oka’s property. 

Assume the topology on O is defined through gi{(p){C) = ^ fixed 

(fi € 'D ]^2 . For C G Hi n Oj, the corresponding 

g.A^m=ar^IpC{P/Q)m) 

can be split into gi,gj as above. The corresponding topological space has Oka’s 

property. Assume (/)g/ an ideal of holomorphy in the topology of 
1/2 

V' [^ 2 , that is / G means that / = PjPj for Pj reduced in both 

Z/2 

variables separately and in H D and Pj polynomials. We can form the quotient 
ideal of holomorphy 

(Q) = {g 3(1) € H (j)g € (/)g, }. 

l2 

If (Q) is equipped with 2?)^2-topology, (p can be chosen as polynomials. According 
to the theory of integral equations, given g,F G there is a (p G A^, such that 
g = Ipip'Ptp), for a polynomial P. Assume Q' a polynomial such that 
Q'lp = Ip^Q, if G we have a G A^ such that = ^Pf- This gives a 
representation of g G {Q)p> Note that a symbol in the ideal (/) equipped with 

this topology, will get a representation /^(C) = for Tj G {Q)p, , for 

l2 

a (p G L'^ and we can assume the support for ip adjusted to the corresponding 
subset in fl. 

15. The hypoelliptic radical for induced topology 

Assume now P a partially hypoelliptic, self-adjoint operator and T = P{D)F, 
where F G A^(R'^ x R"^). Further, 

r^CPp)(^)=^Pi^ + hM^ + h) ^PipGL^ 

9h,p{<f) = ThCPp) - *PThP *P<f G A^ 

For a kernel F, such that Ip reduced (left semi-bounded), since Ip is a compact 
operator, if (ys —>■ 0 in A^, then Ip{ThP>) —>■ 0 and the reducedness implies Tup —>■ 0 
in iP'. Thus tu is a compact operator for this topology. 


For test-functions *P(p G A^, we have 

IppiTh-p) = IpCPThf) = IpiThCPip)) - Ip{gh,p{ThP>)) = h+h 
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where we can assume gh,p is reduced. If 0 then *Pip —>■ 0 in and we have 
h —>■ 0. As Ipp{Th<^) —!> 0, we have /2 —t 0 and —>• 0. Thus th is a compact 

operator also in this topology. Without the condition that Ip is reduced, we only 
have that translation is a weakly compact operator. 

According to Malgrange (cf. [14] Theorem 2, Prel. ) \i^T : F' ^ E' & linear 
continuous operator between (J^)-spaces such that t{E) weakly closed in F then 
is a homomorphism and conversely. For the spaces where we have proved that 
the translation operator is weakly closed, we can apply the argument in section 
(cf. (Tj) on Or = * 1 " and we see that the symbol is reduced for the 
corresponding topology. We now use that = H\^m with H\^m 

regularizing and assuming ^ Re A^ (equivalence of ideals), we see that A^ 
is hypoelliptic with the initial topology. Note that for self-adjoint polynomial 
operators, N = 2 will do. 

Let’s return to our initial approach of / = Re F in C°° and Exp . Except for 
lacunary cases, we assume that F^ is self-adjoint and hypoelliptic in an ideal 
{Ihe)^ with induced topology of Schwartz-type. If the ideal of holomorphy is 
completely symmetric, that is F G {Ire) ^ F* G {Ire), we can assume F ^ F*, 
which implies Re F^ ^ ( Re F)^ ^ . More precisely, let 

T{rHE) = {F&H{C'^) i^e(4s) 3N}. 

That is entire functions for which the A^’th iterate corresponds to a self-adjoint 
and hypoelliptic operator. Let 

Rer{Ppp). 

The symbol / can naturally be compared with the ( Hormander- ) class of symbols 
S'™, where we prefer to vary the complexification. For instance let G = g + ih be 
a symbol and S'™ the symbol-class with standard complexification. If g S S^. and 
qN g Si'^, then g G S™ and G G S™. We have noted that the complexification 
that corresponds to operators hypoelliptic in V', S™, must be different. Assume 
G corresponds to an operator hypoelliptic in V', G^ = gN + G S(^™ for some 
N. If also g G Sr, we must have g^ ^ gN ^ S'^™. Assume existence oi a. h' G S™ 
such that ~ h' (a sufficient condition is that /ijv is reduced), this defines 

G ^ g + ih' (equivalence of ideals)in S™. 

Proposition 15.1. The non-standard complexification of the symbol-ideals Sr, 
Sr + iSr^^, produces (modulo the class of hypoelliptic operators. 

16. Contractions of formulas 

Assume (/) an ideal with Schwartz-type topology and a weakly compact 

translation. Consider for ( G B, a bounded domain in If pseudoconvex 

BiO aiT)BiO 

i i 

BiC + T)^ B{0 +ct 

If B is reduced, we have that B{(( + T) = a{T)B{(), where a{T) is constant for 
I T |>| To I and we see that B does not change sign in the T-infinity iov C, G B. If 
B = /i('0) G (/) with Ip reduced, for h algebraic, the earlier results can be 
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repeated. For h = t^w and w algebraic, the results follow modulo monotropy. 
Particularly, for reduced, rj = does not change sign in the infinity. 


Assume B reduced. Then the condition B{C, + T)/B{Q) = 1 + ct/B{(), ioi G B 
gives ct/B ^rn 0. Assume now that dB{C + T) = dB{Q + dBriO- We will put 
the condition that dLx/dB 0. It is sufficient through Riickert’s theorem, if dB 
is reduced, that dL^ 0. Consider 


Ap/Q = {T £(c + r)-^(C)=o ces} 

(the set can without problem be extended to yj'^^Bj) with Bj as above) 

-dLr/dy ^ P 
dpT/dx Q 

Let’s denote the set of T such that the last equality holds Sip. Thus Sip = ^p/q- 
We say that Lp is reduced for contraction if 

—dLT/dy dx P 
dy 


TgQi 


T = 0 


dLp/dx dy Q 

We say that Lp is regular (for contraction) if for regular {x,y) and T G Sip, we 
have dLp/dT ^ 0. 


Assume a{T) = + T)/ip{(/), for ( G B and ijj = reduced. Assume h 

algebraic and 7 (T) = h{ijj){(/ + T)/h{ijj){C) with dh{ip) d(p. Over Sip we have 
that m is obviously independent of T. As a consequence of Kohn (ISI) if 
B{(/ + T) = 'y{T)B{() for B real and reduced, we have that 7 is a polynomial in T 
Lp{C/) reduced in C with respect to lineality. Further, the set of T, such that 7 
not constant outside the origin is symmetric with respect to the origin and 
bounded. We will denote this set Sl.y. For 0 G Pl-y, any regular approximation of 
the origin must go through Ptj. For T ^ Pip but close and T G Ptj 

-dLp/dy _ -( 7 (r) - l)dB/dy 
dLp/dx ri[{x) — 7]'(x) 

where r]'{x) = dh{x){(/)/x and r]'i{x) = dh{x){C, + T)/x. For h algebraic and such 
that h? = \, we have that 

dh{x){C + T) a{T)dh{x) iC) 

- ^0 - 

X X 

Thus, over {y = B{/)} we have that ^0 Outside Sl.^, the 

quotient is bounded by a constant. We have ^(T) — ^(x) 

Over the half-space {x dh{x) > yx}, we know that rj' ^ does not change sign, if 
X 0. We have earlier seen that if rj is bounded in the infinity, we have that 
Vi 0 and the associated ideal ( with respect to h ) has a global pseudo-base. 


Assume now right-hand sides P, Q to the dynamical system such that P, Q 
becomes reduced by iteration. We can prove that ^p/q i {0} for iteration. Define 
L(2),t{C) = + T) — i?^(C) for ( G B. We obviously have that Op^^ J, {0} as 

j t 00 . We can say that T(j),T is reduced for contraction. We can assume that on 
we have dLp/dT ^ 0, if Lp is reduced for contraction. According to the 
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condition I {0} for iteration, we can prove {{Lt — ct) = -^Lt = 0} is 
nowhere dense outside Thus over Lt = ct, we can assume Lt regular (for 
contraction). 

Proposition 16.1. Given a finitely generated system with polynomial right 
hand sides P,Q, assume that Ap/q, the lineality corresponding to PjQ, is = {0}. 
Then Lt is reduced for contraction. If P, Q are in the radical to reduced 
polynomials, we have Lt^q) = {(^ + T) — becomes reduced for 

contraction, for j sufficiently large. 

17. PUISEUX-INDEX 

Assume {I)s an ideal of holomorphy, with induced topology of Schwartz-type and 
with a reduced pseudo-base. Let (/)g denote elements developed over the 
pseudo-base in {I)s with constant coefficients and (7)^ correspondingly with 
holomorphic coefficients. If / G {!)% and h{f) / (geometrically equivalent), 
then h{f) G (I)g- If also h(f) ^oc f (equivalent in strength), then h{f) G (I)s- 
Consider now the situation where / is reduced for lineality and h{f), f are entire 
functions, such that locally h{f) = af, for a G H{n), where Lt is an open set in 
C’'. If h is locally injective, we have again the situation h{f) G {I)s, otherwise we 
assume injective, for large N. Assume N = 2, we then have h{a)fi constant, 
that is h{a) = Cf3~^. Define ordo^LPiiC) = k, where C G L, L a, line-segment 
through 0 and where the pseudo-base is assumed indexed after increasing order of 
zero’s. If k' = orda^LF 2 {C}, we have the Puiseux-indexes for deviation 
dist{A,C{A, 0)) ^ as r —>■ 0 and | C [I]- 

Assume h{f) = af with a G H and locally injective, for some N. Then 

=\J2a,f + Cf |< ^ I a, II / I I / I . 

Thus I / |“^< 1 -I- Cn, for a real constant Cn- If is injective and / reduced, for 

C G Za, 1// = / + C2/ -I-..., for constants C2,_ Thus p = 1/(1 -|- C), for a /. If 

h is defined over Jf, we can apply ProDOsition ll0.il 

Assume (/) an ideal, not necessarily geometric and (J) = ker h, for a 
homomorphism h, then 7V(/ fl J) = {C ^(/)(C) = 0 / £ (-^)} = Ni{J), 

^InU) = {C ^(/’^)(C) =0 / £ (I)}- Assume h injective, for N > TVq, then 

Nin{J) = N{I) for N > Nq. Thus, we have a division in components, 

Nii J) = N{I) U Ni, (J) U A^73 U ... U . 

Further, J2 = = {g G (J2) h{g^) = 0}. We have seen that 

14 = {C /(C) = c} and this means that g G (J2) => Vc{g^) f 0, for some c and 

for all j < Nq, the sets Vc{g^) are nontrivial for suitable constants c. 

Assume now / G (/)g and reduced and that is injective. Then, 

00 

I c - ^ r<i /(c - - f{z) I +1 f{z) - /(o i<i c I + ^ I /„ II ci'“' 

k 





ON PARTIALLY HYPOELLIPTIC OPERATORS.PART II: PSEUDO DIFFERENTIAL OPERATORS 


and if I ^ |< 1 , 

oo 

\<:-zr+^<c+c,j2\u\, 

k 

where k is dependent on the modulus of z. More precisely, assume | z |< 1/i?, for 
R> 1. Then, since / is reduced, there is at least one a such that 

< Ca I fa{z) I and it is clear that k depends on the value of R. Assume 
I /o 1= max|„|>i, I fa I and /o = ^jFj for Aj £ H, where the pseudobase is 
reduced and indexed by increasing order of 0 in z. Then, 

/o = ^ 

j j 

according to the quantitative version of Riickert’s Nullstellensatz (cf. [1]), we can 
find a toq such that | |< Cj for all j. Thus, | /o C \ Fi 

and we can conclude, for V the zero’s to dh{f) over a set Uc, there are positive 
constants Ci,C 2 , p,c and where p < 1 

dist(c,'i/) <1 c I"'’ {Cl \Fi\^ +C 2 r 

Lemma 17.1. If h is an algebraic homomorphism over an ideal (/) with 
{In) = {/^ / G {!)} such that h is locally injective over {In) for N > Nq and 

(J) = her h, then N{J) is locally an algebraic variety. 

Note that if h is the extension-mapping defining the Schwartz-spaces, we have 
seen for our ideals (/), that r(Iy^eak) ^ I strong and if h is algebraic and 
{I ) ~ ^{I)j fT'{'^{Iweak)) ^ ^{Iweak) ^ {Istrong)' 

Lemma 17.2. Assume X a reduced analytic variety and I{X) = her h for a 
homomorphism h. Then h can be selected as algebraic. 

Proof: 

Through the conditions that X is reduced we know that h can be selected as 
locally injective, thus within multiplication with a scalar we have that h is locally 
algebraic. □ 

We have earlier studied symbols on the form P{z) = c^Pn with pN reduced. We 
have then, for N suitable that P{f) —t 0 as ^ —oo. In the same way for all 

derivatives to P, why P{—z) has an infinite zero in the real infinity. In the same 
way, Df{—z) has an infinite zero in the real infinity. These remarks can 
immediately extended to the case n > 1 . 

Lemma 17.3. Assume pn reduced in a neighborhood of a, Va and P = 0 in Va, 
we then have \ P — e°z^pN{z — a) \< e on a V D Va 

If a constant value is preserved for P in P we also have that | P(z) |< Q{ 
y\{a}. We thus have negative indicator for P in a. Further using the relation in 
Lemma 117.31 

I P |< ee-^T^+ j pn{z) | 

in a neighborhood of the origin. The corresponding result as | z |—>■ oo is that P is 
of type C. 
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Lemma 17.4. Assume pN us in Lem,ma \l7.S\ and = Q on Va, then we have 

\P-e^pt{z-a) |<e 

Consider I = e^dz where the integral is taken along Fc clockwise. This can 
also be seen as e^dz where now the integral is taken in counter clockwise 
direction why 0 is considered as outer to Fc in the latter integral. Thus P can on 
the boundary to a cube with a finite distance to an infinite zero, be seen as a 
measure as in Lemma 117.31 If the infinite zero corresponds to P^ and not P, we 
have the representation as in Lemma 117.41 

In the case with the weighted lineality we define F as the boundary of a cube such 
that T f has point support on F (finitely many) and / = const, on A^. If 
N{J) = with (J) as before, we must have /(A^) = rad[J). Further /(A^) is 
a closed ideal. This means that if / is constant on the weighted lineality, then T f 
has point support on F and conversely. 

Proposition 17.5. Assume pp are measures with point support on finitely 
many cubes and (J) the ideal as in section [751 Then we have f S rad{J) 
y f=Y.p DP pp 

17.1. Estimates. Assume Jy denotes the ideal of symbols with an infinite zero 
on a set of positive complex dimension V. Consider phases on the form 
h{if) = P/Q with P S Too (cf. section 133.6L where 

Jos = {g D{f — g) = 0 3/ G Jy}, that is, g = / + c for a constant c in the 

infinity, Q is assumed hypoelliptic and self-adjoint. We know that for 

zP{z) = P(-), P has an infinite zero in the infinity {z —?> 0). We also consider P 

_1 

such that z^P{z) = Fp{^), for a real number 0 < p < 1, where Fp is assumed to 
have an infinite zero in the infinity. This would be the case for instance if 

G Joo- We define Ip = {P zPP{z) = Pp(^) Pp'’ G Jy} where as before V is 
a set of positive complex dimension containing the origin. If we let 
Vr = {z I z |< r} for r < 1 and Pp(^) = Pp(^) then if corresponds to 



_, we have /' = Ip. 




Lemma 

17.6. If P G Ip on 

Va, a 

neighborhood of a, we have for p^ reduced on 

Va that 






\P 

-e(“- 

1 

1 

a) \< € 

and if P^ 

G Ip on Va, that for 

IV 

No 



\P-e 

{a-z) 

'’p^{z-a) 

< e onVa 


Define a contour F according to F = {^ h{e'^){() = 0} and the neighborhood 

Fe = {C I \< e}. The Riickert Nullstellensatz now gives that 

I A 1 = 1 |< gM 


on a poly-disc neighborhood of F. Define the ideal (It) so that N{It) = F. Let 
Ir{u) = /p e'^udx. Then there exists a homomorphism hi such that Iv(hi (u)) = 0. 
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Note that for (/r) with G (/r) the closure taken in Whitney-norm we have that 
dh{e^) = 0 on r and e‘^dhi = 0 on F, for G (-^r)- 

If h is not reduced, we denote by Ir^h the integral /p e^^'^'^udx and by Riickert’s 
Nullstellensatz we can realize Ir^h as a measure in F^ | |< CpMesupp | m |. 

We consider particularly neighborhoods of F such as Uc = {C I C 1'^ ^(Ci T) < C} 
for positive constants c, C and the associated sets LF = Uc\T. If h{(p) G Joo there 
are g G Jy such that D{h{(p) — g) = 0 on Uc and h{ip) = g + a for a constant a. 
We also consider h{(p) = f + g + a where g and a are as before and / has negative 
order —p, for 0 < p < 1. Immediately (i(^,F) has negative order on Uc and by 
studying l/(^ — ^o) where Co G F we can compare with indicator theory and we 
see on C/' that limsup i log \ d \= —p where p is close to 1. We know that if V is 
an algebraic set, then Uc is a domain of holomorphy. Assume h such that is 
locally injective for N > Nq, we have a decomposition of 14 according to 
1 = Pfc -I- , for fc < Nq with polynomial and Rk reduced. We have the same 

decomposition if the set {h^{e‘^) = ch^{e'^)} f t/c as iV f oo. Assume 
CgFHR = FnP° (the complementary set to the polar set to h{(p)), then h{e^) 
is a polynomial in a neighborhood of C- The decomposition of Uc gives a 
decomposition of the distance-function d(C, F) = (iR(C, E) -|- dy (C, F) where the 
terms are extended by zero on the respective complementary set. Note that dv 
defines a norm. Using an a-priori estimate by Palamodov (cf. |20) 1 we have 

log I d I —c < h{(f) < log I d I -|-c 
and by taking limes sup. as r —>■ oo we get 

—p — c < limsup -h{(p) < —p + c 
r 

Thus for a sufficiently small neighborhood [/', has negative indicator. If h is 
such that is locally injective for N > Nq we see that also Uc is decreasing by 
iteration as is Vn- More precisely we can write Uc/n i as A f oo and 

—p — c/N < limsup -h^{(p) < —p + c/N 
r 

and for a sufficiently large iteration index, we have that (ip) has negative order. 

18. Transversality 

Assume T is a compact operator and of type 0 over a (reduced) ideal (I). Then, 
is of negative type over (/) (of type —oo). Let /C 
= {g T{g) — R{g) of type 0 P of type — oo}. For g G 1C, we have is of 
type 0 and also of type —oo. Assume, — I 0. This means that there is an 
entire function R, such that modulo monotropy, — I = R in ExpQ. 

Lemma 18.1. Assume R entire and R '^ra 0, then there exists a Ri of type 
—oo such that R — Ri is of type 0. 

This means that for K a compact operator, such that AT 0, we have 

/C = (!) and for a compact operator such that 0, from some N > Nq, we 

have that /C = rad{I). 
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18.1. Transversality modulo monotropy. Assume h{g) = wF{g) — Tw(g) for 
g G J and given a homomorphism w, such that w is locally factorized by TeV, for 
an algebraic homomorphism v. 

Lemma 18.2. For any g G (/) an ideal in H and a homomorphism w defined 
on (/), there is a gi G H such that w{g) = w{gi) = 

Thus g G (/) can be realized through Id G H' and Id{gi) = g. The composition of 
analytic functionals, here realized through measures, is given as convolution of 
measures. Id{p,){gi) = Jy gidp. and Id{g)‘^{gi) = Id{g * ti){gi). We write 
9^ = 9i* 91 for short. Let h'{g'^) = 

vF 9 ^ — T v[g^) = v^F (gi) — F v‘^{g). Further, we note that h"^{g) = {vF — F 
vf{9) = vfig) - 'vFF [g). 

Lemma 18.3. For any g G (/) and a homomorphism v aeting on (/), there 
exists a go such that F v^{go) = —{Fv}^ (g). 

The proof is analogous to the proof of the previous Lemma. Finally, assuming as 
above that vF {g) = F v{g) + c, for a constant c. If {F 51)^ = 

F {g * 9){g) = 9* g{F (50)) + c, where g corresponds to the functional Id, thus 
there is a 52 such that —FF v{g) = vF g 2 + c, for a constant c. Thus, we could 
say that d{h'{g^) — h ^(5)) = 0 and that h' modulo monotropy and within 
representation in H' is an algebraic homomorphism in the tangent space. 

18.2. A lifting principle. We can define a vector-field along a morphism h 
according to 

T{Y) 

h\ 4, TT 
T 

We then know that ^ is equivalent to the proposition that dh = hd. If this is 
the case we have for our application that dip and ip are not in the respective 
"eigen- spaces" (In), (II) on the domain O. 


Consider the intersection between the transversals and the leaves to the foliation ( 
modulo monotropy ). We know that if 

(12) P/Q - yjx 

changes sign in a domain Q, then this intersection is not discrete (that is a 
characteristic 7 to the system runs partially in this intersection). The proposition 
is thus that there is a V' non-constant such that 

h{ip) dh(ip) 1 

ip ^ dip pi 

If h is such that hP^ is locally injective ( modulo monotropy algebraic ), we can 
write (for all j) = 0 or locally -^{cip — ip'^) = 0, but then ip 

would be constant in contradiction with the conditions. We conclude that 

Proposition 18.4. Given a homomorphism h algebraic modulo monotropy and 
such that hf is locally injective then the intersection between the transversals and 
the leaves to the foliation is discrete. 
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Fredholm operators. Differential operators have a natural interpretation as 
Fredholm-operators. We consider the standard projections P : ^ R{L\), 

Q : P®’* —>■ N{Lx), where is the Sobolev-space with tensorized weights and 
L\ the differential operator L{D) — A, for a real or complex parameter A. 

L\ G , L^) ($ denotes the class of Fredholm operators) gives a 

decomposition 

= Xo® N{Lx) and = Yo® P(La), 

where N{Lx) denotes the solutions to the homogeneous equation and R{L\) the 
range of Lx. It is not difficult to prove that, for cr > 0, La is homogeneously 
L^-hypoelliptic, which means that N{Lx) = C C°°, that is Q is 

regularizing on and Ex is a left parametrix to Lx- If Lx is homogeneously 
L^-hypoelliptic, then also its Hilbert-space adjoint is homogeneously 
L^-hypoelliptic, that is P^{L‘^) = N{L^) C (7°“, and P-*- is regularizing on L^. 
We conclude that Ex is a left and right parametrix to the operator Lx- Also, if a 
arbitrary, that is Lx not necessarily homogeneously L^- hypoelliptic, we can 
extend the definition of Ex with a regularizing term and we get a hypoelliptic 
action on, at least part of L^. If Ex G $, is on the form I — K, then there is a 
positive integer Nq such that N{E^) = N{E^°) for all N > Nq. Since adding a 
compact operator to the Fredhom-inverse, does not change the index or the form 
I — K, we let Ex be defined as 

( L-^ +X on P(La) with X gC°^ 

I X' gC°° on R{Lx)^ n N{E^)^ for a suitable M 
[ f G L'^ otherwise . 

Thus, this operator Lx is hypoelliptic on N{E^)-^. 


19. Analytic hypoellipticity in L^ for the iterated operator 

We shall in this section only consider constant coefficients, differential operators, 
with Dx replaced by {iD^). Consider the translation operator on P(Pr), 
aru(^x) = u(^x + itr]Q), for trjo C F. Let 

Ar = E-^arE:H(E^) -G P'(Pr). 

Here, E denotes the Fourier-Borel transform and F some simple cone in Ac and 
Pr denotes in this context some subset of or the entire If r]Q G Ac(P), 
we have P{iD)Aru = ArP{iD)u. Consider the real quotient homomorphism, ip : 
pR Pr/*Ac. Let a^p(^r)ui^x) = uipi^x)), we then have b^p^r) = Hmt^+o a,^(r). 
We define Pr = liint^.+o Ar- The definition of br (cf. [2T]), is not dependent on 
the neighborhood of 0 when we argue that this means that br is quasi-portable by 
pR X iO. The same arguments give that &,^(r) is quasi-portable by Pr x iAc- 

For u G L'^, we can make a composition, u = -I- u_, where u_, has support 

contained in cones with indicator S-{rjo) < 0. Note that the indicator for a cone F 
is here defined as 6{r]o) = supj,gp < y, rjo >. According to ( [2l]), U- can be 
considered as regular elements and it is sufficient to consider it-|_ = u — u-. We 
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argue that, to conclude that the operator P{iD) is analytically hypoelliptic on 
it is sufficient to study the set of complex lineality and the action on terms. 

Assume 11 ^( 77 ) the indicator of growth, corresponding to By- Using 

[Ii](Ch.2 ,Theorem 4.3), it can be shown, that for rj G Aq = Ac\0, hp = g, where 

g is the indicator of growth corresponding to the frequency component S in 

WF^(u). Thus any cone in Aq has indicator > 0. More precisely, let W denote 

the convex hull of the real support for By, that is 

W = {y;<y,r] >< hpiv) || g ||= 1}. Let 

W+ = {y GW;<y,g>>0\\g ||= 1} 
and let W- be the complementary set. Let 

v+ = {m<y,v>>o yGW+}. 

Further, Aq H V+ = { 77 ; < y,g >= 0 y G W+}. Since < 7 ( 77 ) = hpig) = 0 over 
77 G Aq, we must have S fl Aq H U_ =0. Next, using [TS] (Ch.2, Prop. 5.2) and 
conjugated indicators, we can prove a support theorem in H'(Eyi), that is 

Proposition 19.1. If Px{iD) is a constant coefficients differential operator and 
u G H'{Eyi), P(iD)u G L‘^{Eyi), we have in H', supp P{iD)u = supp u. 

Let E be such that 6 r ^ 0, E' the frequency component corresponding to 
WFAiP\u). Knowing that E' C E and Aq C E\E' (that is a necessary condition 
for hypoellipticity is that the operator is reduced for complex lineality), we have 

E = Ao U E'\Ao and Ac n E' = {0} 

and the lineality can be regarded as the "boundary" for E. We claim that cones 
Fj exist, such that Aq C UjFj C E. If we assume the operator P\, such that 
Re P\ ^ P\, it will be sufficient to study the real part of the polynomial, which is 
considered as a real analytic function. This means that a proposition (cf. [15] ch2, 
sec.4,Cor. 2 ) can be applied on By which gives that if By is quasi-portable by 
Eh X lAc, then it is portable by the same set. Thus, we get a corresponding 
representation By — ■ We also note that 6 r is in strictly portable by 

Eh X 7 Ac, because of the properties of the restriction-mapping in this space. 

Lemma 19.2. Assume P\ with eonstant coefficients and self-adjoint and that P\ 
is reduced with respect to the set of lineality, Ac, P\u G for some distribution 
u and such that WFa{P\u) = 0. Then 6r(u) is strictly portable by open 
connected eones with indieator < 0. 

Proof: Assume contrarily, that Lp is a line in F+j an open connected cone with 
indicator > 0 and that bL^{u) 7 ^ 0. We can write 

(13) P\hL+{u) = bL+{,P\u)-\-Cp,^^L+{u) 

where Cp,^^l+{u) = [P\bL+ — ^l+Px] (u). We can assume that u is such that u 7 I 0 
on Lp. We have either Cp,^^Lp{u) = 0, in which case the reducedness condition 
implies L+ = 0 or Cp^^L+iu) 0, which contradicts that Ac H E' = {Oj.D 

Consider the canonical homomorphism Ox —^ Cx, which assigns to sections 
s G Ox(U), their continuous functions [s] G Cx(U). According to [9], as a 
consequence of the Riickert Nullstellensatz, the kernel to this homomorphism, is 
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the nilradical A/x- Using [15] and [9| , the homomorphism can be regarded as an 
evaluation functional on Hu- That is E{ip){x) = ip{x), for ip G Hu- Using the 
nuclearity of H'jj, we could write Ie{p>){x) = ip{x). The cited result means that 
— 0) for N large and ip G Hu and iteration in this context corresponds 
to composition of convolution kernels. More precisely, let A G H'{C'' x C^), be 
the kernel representing Id x {x It follows from the argument below, that in 

a neighborhood of x, U, we have for this kernel, 

< >v=< (</ 5 ),V’>u= 0 , with ip, Ip G HiC'), for some TV. 

Define an ideal as holomorphic functions, invariant for complex translation 
with tr], T] G Ac and tr] G T, that is = {ip G O (U) ; arip = ip}- We then have 

Vi = Ui\Ac C N(J) =Ui = N{Mu,)- 

The construction can be iterated, = {(p G O; arip'^ = with 

V 2 = U 2 \Ac ,2 C U 2 , where Ac ,2 is the lineality corresponding to the operator P^. 

Note that since Uj = Vj U Acj, we have J{V) = J 1 J 2 and J 2 = {ip arip = ip} 

— ^ 3 - Thus, as Or is a homomorphism, we have that if Ac,j i {0}, then also 
Vj are decreasing, as the index grows. The sequence Un, constructed in this way, 
is thus for a partially hypoelliptic operator, decreasing (with respect to inclusion 
of sets) and 0 ^ Uv, for all TV, but P G Jq , for all TV. From the construction, 

N{J^) = N{Afuf^) which implies rad = -N'uf^, for all N. 

Using that Ac,n is an analytic set, for Un sufficiently small,the corresponding 
nilradical will be the zero ideal. The conclusion must be that P G implies that 
t = 0 and the iterated operator P^, is in this sense reduced. 

Proposition 19.3. In the case of several dimensional translations, (product 
topology) we have that if P is a partially hypoelliptic operator with constant 
coefficients, then there is a Nq such that for TV > TVg, P^ is reduced for complex 
lineality. 

20. br CONSIDERED ON EXP ||.||_^ 

Assume, that for a holomorphic function g 

(14) I g(C) |< *^1 c e C'' 

for a positive constant C. If the real and positive numbers A, B can be chosen 
arbitrarily small, the corresponding operator allows real support. According to 
[T3] . if g is entire in C' and | g{iy) |< C'(e)e'^ll^ll, | g{x) \< , for 

x,y G then | g(x + iy) \< where A is positive number, 

determined by the indicator, corresponding to g and || • || is a norm in C'^- This 
means that it is possible to consider br in Exp ||.|| The following limits can be 
determined. 


lim [e ("^+'^)ll^+*2^ll^(x + iy) — e 


(A+e)||x+zy||^^^^j 
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which means, (cf. the Lemma below), that 

in Exp||.||_o 

The corresponding operator can now be considered as portable by a ball of radius 
A with respect to some complex norm or by a tube 
,\xj |< A + e'} + fR^ 


Lemma 20.1. Given an entire function g of finite type A, the entire function 
ff(C) ~ C = 2 ; + * 2 /, is of (complex) type 0,that is, for all C, € Be + i'W', there 
is a positive constant C, 

I [5(0 - 5(2;)] |< C 


Proof: Let Ma{t) = sup||,j|l<( | gdii]) |- In general, if ga is entire for all a 

(analogous to Weierstrass M-test) we have Ma^^°‘^(t) —>■ 0 as | a |—>■ 00, for every t. 
This means that ga(ir])x°‘ is an entire function oi ( = x + ip. Let 

Tg = {v, [g{x + itp) - g{x)] = 0 Vx Vt} = Ac(g) 

Then, for p G Tg, ga{itp) = Ca, a constant independent of t. Thus —>■ 0 

over Lg as I a |—>■ 00, for all t. Assume p close to r/o G Lg. Then, 
gaiitp) = 3a,g(*t?7o)(1^(77 — Po))^■ Now, to see that ga is of exponential type 0, 

let Majsit) = sup||,g||<]^ I gapiitp) \ and consider 


logMa^(t) 

t 


< e I a I 


Va 


The left side has the indicator for gap as limes superior, as t —>■ 00 . As | /3 |—>■ 00 , 
the limit on the left side, times 1/ | /3 |, is 0, for alH > 1. Thus, ga is holomorphic 
and of type 0 , in any conical neighborhood of Lg. □. 


This may be regarded as a generalization of the proposition that some iterate of 
the polynomial defining the lineality to a symmetric operator, is a hypoelliptic 
polynomial. Given g of type A, we then have that G Exp ||.|| q. 

Concerning self-adjointedness, the following propositions are immediate. 
Proposition 20 . 2 . Assume 6 r+/ = 3(4 G Exp ||.|| A sufficient condition for 

self-adjointedness of Ie is that 2E = 3)4 + 5(4 • A necessary condition, is that 
Im g\ = 6 r_ Im f. 

It is a consequence of the previous argument, that if / is of type 0, then the 
corresponding operator will be self-adjoint in Exp. It is also a consequence, that 
hypoelliptic operators can be considered as of (complex) type 0 (consider for 
instance them as acting on parametrices to hypoelliptic polynomial operators). 

21. Some remarks on Weyl-calculus 

In any theory involving the strong Fourier-transform, particular care has to be 
taken with the sets I 4 . Consider for instance Weyl-calculus. The fundamental 
relations are 

a{x,^)= j K{x-\-t/2,x — t/2)e~'^‘^^'^^dt 
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K{x^tl2,x-tl2) = j 

where a G 5"" and the operator a{x, D):S S. Assume a{x, t) = a{x, 0) for t on a 
line. Then, K{x + t/2,x — t/2) = K{x,x) or Tf/ 2 lKTt /2 = Ik- This situation may 
occur if /i(a)(C) = 0, for a radically injective homomorphism h and N{Ih) 
corresponds to a generalization of the lineality. On these lines K{x,x) = c6o (the 
Dirac-measure) and Dfa{x,t) is a polynomial, for x fixed. 

Lemma 21.1. Assume F a reduced kernel in O FI, then 

F 

Otherwise, if A" = Ar'\r reduced, for a line T and X' C R", we have F~^F= 

c5t + [f" |x ], that is [F— /] G O H. Assume now, 

a(x, C) = ®i/i = .1 r 1 over O H, with Fj reduced in both ^-variables 

separately. Then a{x,^) = '^^Ir. and [Aj,F~^Fj] gL^HH. 

J yAj FjJ 

Further, Ik =J2j I^ f 1 ’ 

(2^ / / + 

If Aj is constant on t/2-lines, then Ik = f phenomena does not 

occur for reduced symbols (the coefficients reduced), since the sets 14 then reduce 
to points. If thus a € Jh and a ~o with fj reduced and Uj constants, we 

have, 

TtjllKTtl^ = ^ Oj/_7r-lFj = F 

j 

with F~^ Fj G n H. Note again that the sum does not have to be reduced. 
Also, note that in analogy with earlier results, we have "locally" a polynomial 
representation — pt = Ht, with Ht regularizing and pt polynomial. 

22. Link between the dynamical system and the wavefront set 

Given existence of ip not constant such that h{'tf;) = pip and if also Q = pP for a 
constant p and where P, Q are polynomial right hand sides to the system under 
consideration, we have that Flhif^) = 0 why Hh has a real integral curve. Assume 
= {(''71(C)! C) C G ^c} where 14 is the foliation corresponding to the symbol 
to a differential operator with analytic coefficients and 771(C) is a real-analytic 
function (assume order one). Assume F a tangent-line to the foliation (restriction 
to one variable) and T —>■ L mapping dual line-segments in Expp^A with respect to 
the Fourier-Borel transform. Let ITr be the corresponding set {( 771 (C), C) C ^ T}. 
For the situation with C G f4 there are corresponding functions ip G (Ic) and a 
corresponding tangent equation Q — cP = 0 where P, Q are assumed polynomials. 
Let t be the mapping (F) -A F, where we can obviously assume that singular 
points to the system are mapped on foliation points and that regular points are 
mapped on the outside of the foliation. Further, for solutions u to the 
homogeneous equation to the differential operator above, it is not difficult to find 
a mapping v:Wr — t WFa(u). Denote with 7 the image of 7 under the mapping 



30 


T. DAHN LUND UNIVERSITY 


7 —>■ Wr —!> WFa{u), then according to Hanges’ theorem (cf. [21]), there is a 
neighborhood of the origin U such that ^{U) C WFa{u). 

Starting with a complex line F, we consider the transversal L as linearly 
independent. F corresponds as before to an ideal for a real number /ii. Let 

(/^J' be the ideal corresponding to the transversal L. In a neighborhood of a 
singular point to the associated dynamical system, we can in this way construct a 
symplectic base. If (/) = (finite sum) and if ry is cyclic we have thus 

r]{ijj) = (j) for a ()) G that is 77 maps tangents on transversals and we could 

claim that the transversal is locally unique. Note that in the case where 7/1 = if 
also -^h = h-^, then (/^) = (7^)', but we are still assuming polynomial right 
hand sides for the associated dynamical system, why there are only finitely many 
tangents and we will denote half of them transversals and also in this case we can 
construct a local symplectic base. More precisely assume h algebraic such that 
h{g^) = h{gY for g real and h* = h. The corresponding eigen-values must be real 
and positive, that is h{g'^) > 0 and h{g^) = cg^ with c real and non-negative. 
Assume c = fP for fj, real, then the "eigen-spaces" can be seen as linearly 
independent (/^)+ 0(/^)_. We can set (7^)' = (7^)+. This means that 77 maps 
tangents (7^)_ on transversals (7^)-|. or (7^) —)> (7_^). Further we have argued 
that the decomposition of tangents and transversals is linearly independent (ryi is 
assumed of order 1 and locally injective). Thus t and v maps 

(7)+ 0(7)_ ^ Wr 0 Wi ^ WFa 

23. Multi-valuedness 

We note that if 7 is defined by an algebraic homomorphism h, then 
multi-valuedness for h^tp) corresponds to multi-valuedness for ip, since the 
corresponding Puiseux-series is mapped on a Puiseux-series. Consider 
S = {P = 0} for a polynomial P such that 0 on E and 

F{'tp){^)d(^P{'ip)((p) = where F is assumed holoinorphic with respect 

to E and p) is assumed reduced ( assume a pseudo-base element ). For ^ = 7 /)^/^, 
we get h{(p)^ = hpip) and if h maps reduced (pseudo-base) elements on reduced 
(pseudo-base) elements, we get an expansion h{bj(p^) = h{bj)h{(py with 
multi-valuedness of the same order as the given set. Consider 

PcW = Y[icy- hyp)) 

CeEq 

where h is not assumed reduced. If hP^ is locally injective we consider the locally 
discrete set 

Eq = {C h(7/;)(C) = MV')(Co)} 

and the corresponding Puiseux-expansion 'P2bj{CP)<pf>. This is mapped by h on 
another Puiseux-expansion and a corresponding discrete set 

Eq' = {(: y{o = yiCo)} 

Let 77(7/)) = h{ip)/Tp. 

Lemma 23.1. Assume h such that h? = 1, then 77 does not change sign over Eq. 
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The proof is trivial. Assume Eq is a discrete set and that the number of elements 
is 2. We then have hPc{tp) = {ch{'iji) — ipY ^ 0 (with h* = h and tp real). Thus 
Pci4’) ^ 0 under these conditions. In the same manner, if the number of elements 
is odd (= /I — 1) and (q such that ri{ip) > c, then we have Pci^p) < 0. The sign for 
Pc(,ip) is dependent on Co and not on -0 G nbhd (/c). Note that if 
r]{ip){C) = c + P{C) (in a domain of holomorphy) where P is a first degree 
polynomial. In this case Pd'tp) = P{Co)^~^ = (oo + uiCo)^”^- 

Consider now ?7{'0)(C) = M + -F’i(C)i with Pi polynomial, then 

h{p) = bo + bip + b 2 p^- We can assume bg = 0 {h algebraic) and apply h again to 

get r]{tp){() = (I — C 2 (C))/ci(C)- We could consider as a pseudo-base for 

an ideal (/) and as before consider the distance to I^ = N{h{I)), 

d{C, V) < C \ C, (ci I (p I-l-C 2 )^ with p < 1, where k -b c is a positive 

constant dependent on choice of neighborhood of the origin. Let 

= {C h{'ip){C) = pV’(C)} for a constant p. Assume ip = e'^ such that p —>■ —oo 
as C —>■ 0, over Hh{ip) = 0 we further have d(;h{ip) = fid^ip. For C ^ we have 
^(V') = CjtpPf^ and the image under t lies outside the tangent-line T. The 
corresponding trajectory determines a spiral approximation of Starting with 
the Puiseux-expansion h{'tp) = cq + Clip'll + C 2 'i/'^ and assuming h 9 where g is 

an analytic homomorphism, we have th{^p) ^ CjZ^ . Monotropy for the 

trajectory 7 corresponds to translation of C that is 7 ^ = why 
^ - 

igW = E where i is the projection on the second variable of 7 . 

Remark: 

The condition dw locally reduced for a homomorphism w deserves explanation. If 
Ip is singular for the dynamical system, it is through our conditions isolated. If 
{ipj} is a sequence such that dipj ^ 0 and dw{ip — ipj) —>■ 0, then {ipj} must be a 
regular approximation of ip, that is ip — ipj —> 0. In this sense dw is reduced over 
regular approximations. 


24. Ranges’ theorem 

We can now generalize Ranges’ theorem to pseudo-differential operators A\ with 
foliation that is included in the zero-set to the polynomial corresponding (using t) 
to A = {7 P{'y){C) — 0}- Assume 7 an integral curve with a real branch in X 
and that the associated dynamical system has polynomial right hand sides, we 
then have ■p{U) C WFa{u), for solutions to the homogeneous equation to A\ and 
for U a neighborhood of the origin. Conversely, if 7 is not a tangent to the origin 
and does not have a real branch in X, we know that j{U) fl WFa{u) = 0 

Assume for a symbol a, holomorphic and of finite type and corresponding a 
self-adjoint operator, the intersection of the foliation and the transversal set is 
included in the zero-set to a holomorphic function F. Assume further that F is in 
a finitely generated ideal (J) = ker h, where h is assumed ( modulo monotropy ) 
algebraic and such that is locally injective. We will here consider the case 
where h{F) real. Further that A ^00 F + '^ where di is assumed regularizing and 
F is the operator corresponding to F. Ranges ([lO]) studies the characteristic set 
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corresponding to the principal part of the symbol a. We propose that if F is 
defined by h{F) — 0, the homogeneous condition can be replaced by the following. 

Assume t a real variable and consider C, ^ tC, such that hit^F) th{F). Define 
a continuous function s according to s{t() = h{tF){(), then s is homogeneous of 
order i. Let further where r is analogous to s. A conical 

neighborhood of Zq is mapped by a canonical homogeneous transformation on an 
open conical set in {x,t,^,T) G T*(R"+^)\ft We can now argue as Hanges IflU]! 
that is the operator corresponding to is reduced to canonical form 

— B{x,Dx) close to (a:o,0,^Oj0) and B G with proper support. We study a 
mapping T:{I) —>■ nbhd L, where L is the tangent line to the foliation and where 
the associated dynamical system is assumed to satisfy Bendixson’s regularity 
conditions (cf. [T]). We consider E = {^ Tr{() = 0 } and t, = {ip h{ip) = 0 }. 
According to Bendixson (cf. [T] Ch.2, Theorem 9 ) if the dynamical system has 
polynomial part right hand sides of order 1, we have exactly four trajectories that 
run through the origin. Hanges considers correspondingly four 
half-bicharacteristics defined through 7 ^: J —>■ Ej, j = 1,2 7j(0) = zo, where J is 
an open interval in R containing 0. For Jk = {t G J > 0} fc = 1, 2 we 

write 7 j_fe = jj \ Jk for these. Note that in our case Ej = E. The following 
proposition is a direct consequence of (cni Prop.l) 

Proposition 24.1. Assume jj^k o- characteristic such that 7j,fc(0) = zq. If for a 
pseudo-differential operator A described above, u G B', solves the homogeneous 
equation Au = 0 and 7^^ fl WFa{u) = 0, then zq ^ WFa(u). 

24.1. The non-homogeneous equation. Assume P a polynomial operator and 
P{D)u = f mV for u G T>' and 7 is a trajectory to the dynamical system such 
that 7 n WFa{u) = 0 

Lemma 24.2. If 7 ' —>■ Pq singular through regular points, we have that 

y n WFa(M) = 0 

Proof: 

Since Pq is mapped by t on the foliation to an operator of finite type, we have 
7 ' —>■ a finite value. The indicator of growth to an operator F is then the same as 
the indicator to t~,F as 7 ' Pq {ip ^ ± 00 ). Note that we have not assumed that 
7 ' is a trajectory to the dynamical system.□ 

Note that if P^ is hypoelliptic and self-adjoint, we have WF{Pu) C WF{u) and if 
u = Pv in T>' we have WF{P'^v) = WF{v) C WF{Pv). The geometrical objects 
are considered as the same, it is only the names that are swapped. We assume 
that the latter case is used. We are going to prove that WF{Pu) = { 7 } U WP(u), 
where 7 is as in the lemma and P is a pseudo-differential operator with foliation 
in the zero-set to a polynomial P. 

Lemma 24.3. Assume 7 a trajectory to the dynamical system and 7 —>■ Pq 
singular, with a tangent determined in Pq, then there is a regular approximation 
of Pq, for P as above. 

Proof: 

The conditions give that all approximations 7 of Pq have a tangent determined 
(/c)j c constant, in Pq. As the foliation to the operator is Hnitely generated (in an 
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algebraic variety), we have the minimally defined case and there always is a 
regular approximation.□ 

Remark: 

Note that the conditions in the second lemma are satisfied if the dynamical 
system has polynomial right-hand sides. 

Lemma 24.4. Assume Pq singular and mapped by t onto N{I) for a finitely 
generated ideal (/). If ^ is a regular approximation of Pq with tangent determined 
(Ic) c constant, then 7 is in the set of transversals. 


Assume now A a pseudo-differential operator of finite exponential type and with 
foliation in N{F) for F G (/) polynomial and (/) a finitely generated ideal (the 
minimally defined situation). Assume 7 fl WFa{Au) = 0 and 7 transversal, that is 
7 is a regular approximation of Pq) a singular point. If we have the representation 
Au = Fu + Ru where R is regularizing and F has zero’s that include the foliation 
to A, then the generalized Ranges’ result gives that WFa{{A — F)u) ("17 = 0 and 
WFa{u)nfi = 9. 

Proposition 24.5. Assume A a pseudo-differential operator, self-adjoint and of 
finite exponential type. Further that the foliation is included in the zero-set to a 
polynomial or a difference of two polynomials in a finitely generated ideal. Assume 
every foliation point mapped on a singular point for the associated dynamical 
system, such that every trajectory that reaches such a singular point, has a tangent 
determined in this point. Then every regular approximation of the singular point 
is mapped in the set of transversals S, so that WFa(Au) = S U WFa{u). 

25. Foliation in a semi-algebraic set 

Assume an ideal of holomorphy (/) defined by a polynomial P^ and consider (/) 
the Whitney-closure. Define the subspace {I\) = {7 Pfiij) < A} and the 
corresponding ideal {I\) under the mapping t. We will now discuss some 
properties of the class of operators that has foliation in intersection with 
transversal set included in the semi-algebraic set {C < A}. 

If the symbol to our pseudo-differential operator has foliation in {C P^ < A} we 
can prove that the corresponding ideal (I) containing the polynomial P^, has a 
global pseudo-base. Assume (/) finitely generated such that the minimally defined 
zero-set case holds, that is assume over the semi-algebraic set that P^ = 0 

dP^ 0. Singular points are now such that {P^ = A}, A constant and also 
the semi-algebraic set is minimally defined, since the singular points are the 
foliation to a polynomial P^, which is assumed to be with lineality (not reduced) 
and we have regular approximations over transversals. Note that for if = e^, as 
(/c) = (If)' = (If we have P( 6 jj) = P(dj) for all j, why in the minimally 
defined case, we must have for all j, P^5j — SjP^^ f 0 . 

Given exactness for r\ (= h(ijj)/ip) we can show existence of a global pseudo-base 
also for the ideal that defines the foliation (I). Assume P^ G (I) and that the 
semi-algebraic set {P/^ < A} is minimally defined such that we always have regular 
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approximation of singular points (P^( 0 ) = A) and under these conditions every 
regular approximation has a tangent determined. 

Proposition 25.1. Consider for a pseudo-differential operator A, Au = f in 
T)', for u G T)', where we assume A has symbol with a foliation in a semi-algebraic 
set {P/i < A} that is minimally defined and where G (/) is a polynomial and 
(/) is assumed to have a global pseudo-base. Then for S the transversal set, 
WFa{Au) = SUWFa{u). 


Assume now 7 G and the foliation in a semi-algebraic set as before, this means 
that {p,{dj) < A} that is a bounded positively definite measure defined close to the 
foliation. Particularly if the ideal (/) is finitely generated and the index p < 1 /N 
for an integer N, we have for = {7 p{d'y) < A} that | p,{d'y) \<C\df!\f‘ for 
a positive constant C and conversely ii \ dip \< we must have 7 G M^. 

Assume existence of a global pseudo-base for (/) and the generalized 
Cousin-integral (cf. [ 7 ]), then there are of type 0 . Assume p, such that 

( addition of measures with point-support ), then the corresponding 
polynomial can be chosen reduced, that is with no foliation why the only singular 
point possible is the origin. The conclusion is that for every trajectory to the 
associated dynamical system that is tangent to M-p holds that this trajectory will 
stay in a bounded set in phase space as —>■ ±00. For the same conclusion 
holds p— a.e. 


26. A CASE OF INFINITELY GENERATED FOLIATION 

We have earlier established that in the case where is locally injective and rj 
(= h{ip)/ip) exact, that we have a global pseudo-base for the ideal that generates 
the integral curves. Note that since h is reduced over the tangent space, if we 
form (/) = {(p 5j(p G (J) j = 1,..., n} we have a local pseudo-base for (/) and 
a global pseudobase for (J). Assume now r]j{ip) = (ip)/(ip) without 
improvement (or degeneration) of behavior by iteration, that is we are assuming a 
not-finitely generated ideal. We give the following proposition, where r denotes 
translation 

Proposition 26.1. Assume with Srip = Tip/ip, h{Srip) 0 in the 
I C I —infinity and r]{ip) not constant, then ip is in a bounded set, symmetric with 
respect to the origin. 

Proof: 

If rjj is constant then ip must be on a transversal. Consider ipk in a regular 
approximation of ip such that ipk are non-constant as well as rjjptpjf). Assume 
further 

(15) h{^T„tp) 0 I C |-t cxo 

particularly we have seen before that if h is algebraic, Sr,^ip 0 as | ^ |—>■ 00 . 

Obviously we have r]j{ip) h{ip), why if | Pjiip) — h{ip) |< 1/ | (^ | in the 
I C |-infinity, we have | rij{ip) |< 1/ | C I + I h{ip) \ and using the condition (TT^ we 
have that r]{Tzip/ip) 0 as | C |—>■ 00 (modulo monotropy). Consider now 
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ip{z) = Tz4>{x)/ non-constant, why if (j) is reduced, then ip is bounded Vx, z. 
According to m we have that ipr](ip) 0 why we can claim that rj is bounded 
in the | C |-infinity. Let (I) be the (p for which ip is bounded when r is compact. 
For reduced (p we know that the corresponding (p have a global pseudo-base. 
Obviously, the two ideals are locally equivalent in the | C |-infinity. 

Let h{(p'^) — h^i^fp) 0 such that h{(p"^ — h{(p)) 0. Assume further that (p ^ Q 

in the | C |-infinity such that (p — r]{(p) 0. We then have that modulo 

monotropy |(/)|<l/|^|-|-|r 7 ((/))|. In this sense rj is downward bounded in the 
infinity. Further symmetry with respect to the origin in (p can be shown for 
regular approximations of (/c), c a constant.D 

Proposition 26.2. Let (J) be the ideal of (p such that Tz(p/4> 0 in the infinity 

and Tz compact. Then (I) has a global pseudo-base. 

Proof: 

Assume Schwartz-type topology and a compact translation. We can then assume 
the ideal (/) finitely generated. Further it is not difficult to prove, for instance 
using the quantitative version of Riickert’s Nullstellensatz, that p 0 over (/). 
Thus the indicator for p over (/) is 0 and we can find a transform 7 p over 
(/), that is exact so that the ideal defined by 7 has a global pseudo-base.□ 

Assume the conditions in Proposition 126 . ll further dp 0 and continuous. Then 
Ip £ B where i? is a bounded set, symmetric with respect to the origin. 

Considered as a cone, tB = r always has negative indicator, that is for ^0 finite 
and s a real number, we have < sy, ^0 >< 1 U, Co >< 1/s—J^Oass—>■ 00 . We 
now know (cf. |21| Theorem 6.6 ) that in this case we have no contribution to the 
wave-front-set. 

Proposition 26.3. Assume ip such that h{Srip) 0 in the infinity and p such 
that dp{ip) 0 and continuous, we then have that {tip'\ is not mapped on to the 
wave-front-set. 

27. Implications on microlocal analysis 

Assume Co a point in the plane, such that /i(/)(Co) = 0 of order N and consider a 
neighborhood W of Coi such that Co is an isolated zero. Then 
(C “ Co)^w(C) = ^(/)(C)i where v is real analytic and such that i'(Co) 7 ^ 0 . Assume 
7 a real-analytic function such that 7 ( 0 : 0 ) = Co (implicit function theorem). Then, 
in xq, f{j{xQ)) = constant. Let 

Xc = {x f{"i{x)) = c} for a constant c . 

If / = u, for u £ S and if u has support on X^, then Xc C sing supp u. Further, 
if we consider full lines in I 4 , we can chose 7 of order 1 and such that 
h{f){j{x)) = cn{x — xo)^v{'p{x)). More precisely, in the Cousin integral 
approach, if / = $ — $ and e^ = /, we can give I 4 as {C Ti.C) = const.}. Consider 
V = nbhd Co and /(Co) = c. Let p{Vc fl P) C Xc fl I/, for U = nbhd xq, where 
7, p are real-analytical functions ( of order 1 ) and injective on these sets. Let 
C G Pc and u{p{(p)) = p(C), for v £ £' (P). Assume v is constant on F fl P, for a 
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line r. Then, ^ (uiviO)) = c5r(x), for F = {7(0;)} with 5r(a;) = So{x — F). 
Note that if w G S', then u{ri{()) G 5'(V)- 

The restriction (inclusion)-homoniorphisni rr considered on R” 

C^, can be extended to 

S' ^ (Cn'iU) ^ (Cn'T), 

where (7“ denotes real-analytic functions. Assume f3 another homomorphism on 
S', such that /3{T){x) = 0 for T G and a; G F, a line-segment, implies T is 
constant on this line-segment, that is r'T = C(5r- Let now /3 be defined with its 
support outside sing supp T. Consider for instance the class of distributions 
S'niy) for open sets fl C C as the class {T G S'{V} sing supp T C fl} and 
assume (3 with support on V\Sl. Let 

Wh = {{x,^{x))GU xV /3(T)(a:)=0} 

and 

W, = {{rj{C,),OGU xV CGK}. 

Thus, over S'a{V) we have that /? defines the foliation and Wc = Wh 

Assume the restriction-homomorphism to a convex, compact set L and acting 
on S'. If F is the polar to L, a line-segment through x, we have that also F is a 
line-segment and the functional r'^F T is portable by L. It also follows that 
r'^ is portable by L. We let = r'^-F in Exp ^ Assume 7,77 real-analytic 
functions mapping L to F and back (inverse function theorem), we have the 
following proposition. 

Proposition 27.1. If u G iF'a(V), x G sing supp u and x on a line-segment L 
in Q. Then there is a constant C, such that r'j^u = C5 l- If f = u and C G 14 emd 
on a line-segment F in Vc, then r'j^u = C5 l, for a constant C. 

Assume /3:C°° —>■ and a = j3F — F (3:S' ^ C°° and for the restriction to a 
line-segment. S' —>■ C“. As f3u{x) — (3u{—x) = aFu-\- Fau, we have that 
l3u{x) — f3u{—x) G C°°(nbhdL). Assume /3u{x) — j3u{—x) 0 on L and C, G Uc\Vc, 

X = 77 (C) G L. Then 

j-^ < C I ^u(x) - Pu(-x) |< C"(| I3u{x) I -b I Pu(-x) I) on L, 

thus X ^ sing supp u ot —x ^ sing supp u. Assume M a set, symmetric around 
0, M = supp F for a real and real-analytic function F. Define 

Eq^ = {C G M F(C) = E(-C)}. 

Then if Fi = FI^g£;g(C — C(C))^(C) supp Fi C M\Eq^. In the same manner, 
if Eq' = {C G M F 2 (C) = 0}, for F 2 real and real-analytic, we can dehne F{ with 
supp El C M\Eq'. The conditions above are satisfied for L C supp 

Let A = {C h{u){Cf) = dh{u){f) = 0}. Note that Jh as a closed ideal, can be 
considered as radical. Assume h{f) = af, ioi a G H and h^ injective. Then, 

I / pG Jh is equivalent with the proposition h{\ f p) = constant. Further, if 
^(1 / P) = /3 I / |j for a constant (3, we conclude that | / |= constant. 
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Proposition 27.2. Assume iV = {C h{f){() — 0}, Cp = {C dh{f){Q) = 0}, 
C = ripCp and A = C r\ N , then for Fi a line through we have 

f I ’"Pi / 1= constant for C £ C 
\ rpi / = constant for C, £ A 

28. Symmetry and the singular support 

Let Q.A = {C I C l< and for a small set U,T^ = {C, £U | C 1= ^}- Let 
rie = {a: <\ X \< e} and x = ri{f) — ajP the Puiseux-expansion 

corresponding to the singular points on £Ia- Then for f £ ^Ia and 77 (C) — ^ £ fie, 

I viO l<l C I +£• Assume as before, /(C) = c(C) = u{f]{f)) and further C £ ^a 
implies 77 (C) ^ sing supp u. In the construction of the Green-function, we use 
Te = oif^gx for £ V with support in | x |< e and with a^{x) = 1 for | x |< ^e, it 
is a function only of | x |. g\ is a tempered fundamental solution to D\ = A — A. 
We tten have T.irtiQ - C) G C°°(fle). Let Nx = N{Dx). Then on Uc\Nx, 

^ <\ Dx II |< G I C |'*~^| ?A I, why if c > g, we can regard 'gx as reduced. If 
further / is reduced, for C G Uc\Nx, \ 77 (C) ~ C l^^^l Tf. * c(^(C)) I- If C = vi'^) for 
V £ nbhdC C Ha, p = C + we have as 77 is real-analytical, for | C |< x < A, 
that I 77 (C) - Cl< Ea 

We can regard £ £' as very regular in T)'^. Thus, is on the form do — 7c, 
with 7c regularizing and 7e(0) = 0 . Assume TijC = 77(C)}. We have 

finite sum 

<io(7?(c) - c)m(c)cic = XI “(’i(o)) = X 

0 3 

This is also the expression we expect, when we let e —>■ 0 in Tc. 

Assume V = nbhdC and u{r]{f)) G C°°{V). Let U = r]{V) such that 
u{x) £ G°°(t/) (also 7 (C/) = V). Let 

W'l^{u) = {(: 77 ( 77 ( 0 ) G G°°(W) 3W = nbhdC uGLO 

Assume u has the property that 

(16) 77 (C) ^ sing supp j ;^2 Re 7t => 77 (C) ^ sLig supp i^iu 

Then, obviously for u according to ([TO)) , we have C G W'{ Re u) implies 
C G W'iu). We regard, for a polynomial P(C), Pxo.a as a bounded operator in 
So, if for a constant /3, fdP = u{r]) in Re P = ^{P -I- P*) and 
/3(P -I- P*) = 2Re u = u{r]{C)) + u{r]{C)) 

Lemma 28.1. For u according to il6\) . we have C G IT/ 2 ( Re u) implies 

CG W/2(0 

In the general case, we have that the size of R C IT /2 is directly proportional to 
the distance from C to 0. Conversely to 

Proposition 28.2. ForV C 11 ^/ 2 ( 77 ) and V C 11 ^/ 2 ( 77 ), where V is symmetric 
with respect to the real axis, then V C IT /2 ( Re u) 
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29. On preservation of flatness 

Let for a homomorphism /3, 

lc = {g&Jh I3{f-g) = 0 3/eJ^} 

such that any g G Ic can be represented a.s g = f + c, for a constant c on 
where faig) = 0 for all a and g G C. Let (7 be a cone with vertex in the origin 
and / e where = R" + iC and J^(/) = {Z)“/h(/)}„, then 

lH{f){x + itg) - lH{f){x) = 0, for tg G C, why C C Ac(/ff (/)) and Inif) is flat 
on T^. 

Assume W = {( 1?“/^(/)(C) = 0 Va}. If D°‘lH{f) = IniD’^f) for all a, we 
have that h preserves flatness. Now consider 

(also consider if = /^, we have Ib>^ = Ib^)- 

Immediately, Ib^ = [D'^Ih - D<^I*h\ + - {D^Ih)*]- Let 

J{Ih) =Ih-I*h- Then 

Ib^ = DtJ{lH) + J{Dt)pH + 

If Ih is a bounded operator in we have J{Ih) = 2i Im Ih- If = /^ we 
have J{Ih) = 0 and if Ih is an integral operator with distribution kernel, then 
can be neglected. With the condition that is locally injective, it is clear that 
preserves flatness and if G Jh, Va, we have that cD°‘f — ^\^b h\ 

a constant c and since / S J/j, we see that h preserves flatness. 

Proposition 29.1. If for all a, -<^ H, we have in T>'^, that h preserves 
flatness. Further, Re h^ ^oo > for some N over V^, so h^ preserves flatness. 
If also h^ is locally injective, we have that h preserves flatness over Jh- 

Proof: 

Assume r* the restriction homomorphism to fit D W, so that j, 14 as t f oo. 
The proposition that {rhfl is reduced, is then a proposition that (rh)* = const, on 
fit, that is if we let 2i Im (rh) = 2{rh) — 2 Re {rh) = (rh) — {rh)*, using 
geometric equivalence. Re {rhfl ~oo {rhfl. □ 

Assume p and fl homomorphisms, with p = + /3, then Ip = ker p is an ideal. 

li g G Ip we see that 

^- W] = (5^)/(5^)9 + 

SO {-£j)ifg) = i-s^)fi-£:)g - l^ifg)- if C fs a zero of order > 2 for g, jn]) gives 
that 

fep/ + (A)/]=„ 

and ii fig 0 we have that / G Ip. Let 14 = {C 5(C) = PgiC) = 0}; fLen 
i-£j)9[f-pf] = 0, so if ord ^g = 1, we have f = pf and thus {-£^)f = (1 - P)f- 
Note that every geometric ideal /(t4) can be divided into /*'^^(I4) U I^‘^\Vc), 
where denotes / G 1(14), such that ord (f > 2, for f G Vc and I^^\Vc) 
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denotes / G I(Vc) with simple zero’s. Over ^ can be considered as a 
homomorphism, why it is sufficient to consider simple zero’s. 


30 . On THE TANGENTS TO THE WeYL GROUP, W 
An analytic mapping between real vector spaces f-.E^X can be factorized as 


E n 

TS^{E) 

-A- 

i 

ll 

E*^ 

X 


so that f{rj{x)) = u{^). Further, if for U C X, <f:U —>■ E, we have an induced 
linear mapping between the spaces of symmetric tensors and equivalence 
classes of symmetric tensors, with respect to change of coordinate maps, that are 
called point distributions. More precisely, given a chart (c, t) in a neighborhood of 
X, Oc'.TS^'"\X) —>■ Tx^\x) maps symmetric tensors on point distributions 
bijectively. There is uniquely, in Tx^\x) an element Cx = 9^(1), independent on c, 
with center x. The field of point distributions Dt defined by t, with action by a 
Weyl group W, is given hy x —>■ t * Ex- We have that 

l{0c{t)) = Dtf(x) =< t*ex,f >=< Ex, i* f >=< tjo p{x) > 

and if p traces F^ and if Dtf = const, we have t = 1, which implies 6c{t) = Ex and 
if X is locally compact, we have Ex = Sx, the Dirac-measure. According to [3] 
(ch.III, Prop. 23), we can identify Vw = {/ Tgf = f g G W} for / = Dtf with 
/' G Cf in a field of point distributions, with U{W) = {t G (IT) 

suppt C {0}} where T°° denotes distributions with finite support, thus 
Vw — U{W). Further, TfW) are the primitive elements in U(W), that is 
TfW) = {/01 + 10/ f G Vw} and T{W) = Wx TfW). 

The field of point distributions defined by t, with action given by the Weyl-group 
W, ( W can be generated by the lineality and for instance symmetry in a 
canonical way ), is defined as a; —> t * e^, where with our conditions we can assume 
Ex the Dirac-measure. If Dt'h{f) = hfDtf), then < t',dh{f) >= hi{< t,df >). 
Concerning the Weyl-group, if 5 G Ilfyj, we have Tghi = hi. Assume Tgir = TTTg. 
We then have hn = nTghi. If g' G Ilfy, we have Tgihir = hir = nTghi implies 
g = g'. If Tg/TT = TTTg and Tghi = hi. Then TTTghi = Tgiirhi = Tgihn = hn, that is 
Tgih = h and g' ^ g. Essentially, existence of lineality and equivalent Weyl-groups, 
mean that the corresponding operators have the same micro-local properties. 


Assume Dt'h{f) = hiDt{f), then hi{< t,df >) =< t,hi{df) > and if hid = dhi, 
we have 0 =< t' — t,dh{f) > + < t,d{h — hi){f) >. If / G J/i, we have t' = t. 
Assume = Dfh = hiDt. Then 0 =< +*(t) — t',df> + < t' ,d{f — h{f)) >, 
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thus if / ^ ^(/)i we have ~ t' . Let = Dfh, for an algebraic 

homomorphism as in section fTOl Then f G means ip^{t) ^ t'. 

Consider the sequences 


U) 

X 

pT{W) 

4 

IT ^ 0 

'I'/l 

irhi 

\rh2 



(^0 

^X' 

^T{W') 


^ 0 


We note that ^2 = T{(j)). If 7r:W x Tf.{W) —>■ W is the canonical projection, 

7r“^{e) = re(II^)- We then have 7r'/i27r“^ = cj) and if ^(e) = e(= 0), we have 
h 2 iTe{W)) C Te{W'). U<p = id, we have h 2 iTe{W)) = Te{W). 

31. Some remarks 

Assume now the factorization 

A vS{X) 

Ip I Tc 

T{X) 6^TS{X) 

and p = 'K~^-.X —7> T(X), using the symmetric group S (cf. [2]). Thus 
p{x) = 0c{Tcr]{x)) = Tx{X). The proposition that p is constant, is then a 
proposition that p{x) = 0 or equivalently Tcp{x) =0. If r; is a submersion ( for 
instance the orbital-mapping in the symmetric group), then using foliation, we 
have for al\ x G X, existence of a subspace 14 C A such that 
Tx{Vx) © Tx{X) = ker xTcP- 

Assume f G Jf, and if = Dt'h and if h = gig, we have over J^, that gi is a 

translation. Monotropy as we have defined it, means particularly a factorization 

of an analytic homomorphism, by an algebraic homomorphism and a translation. 

Thus if h-\I) g and hi.XgiX' t'X". We have. A' = r,A" and 

—y “T —y —^ 

< t',dh{f) >= Te(< t',dg{f) >). Note that the same t' can be used in the 
representation of monotropic functions. 

Consider h{tj}) = Tew{ijj) such that 

^(■0) —> a{e)w{'tji) 

h{tp) 

Let fix = {e = Q^(e) ct G H not constant} and 

constant }. When 0 reduced, ft'^ is bounded and symmetric 
with respect to the axes. If WTe = t^w where also = r', we have 
^(■^) = ^ preserves geometric convexity we see that fix is 

symmetric with respect to the axes. The same type of argument gives that it 
preserves boundedness. Note that fl '^ can be described as the set where a is not a 
polynomial outside the origin. As w maps polynomials on polynomials as does 
w ~^, the same description holds for fix - The same conclusion is for 0 G (Ja) that 
h and w have the same micro-local properties. 
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32. AlGEBRAICITY of the IDEAL 

The mapping t. Given an ideal (J) we have it f,g G (J), then af + Pg G (J) 
for constants a,p. But we do not necessarily have that t{af + Pg) is univalent. A 
necessary condition for geometric convexity in the plane must be local injectivity 
for t. Assuming this, if the ideal is defined by an algebraic homomorphism, we 
know that if {ti/’} is a line, a closed curve or a spiral, then {th{pi)} is mapped on 
the same type of geometrical object. Since also h~^ is algebraic, the proposition 
can be reversed. We need however to assume {'tp} reduced locally for 
univalentness, but to get the same geometric object, h need not be reduced. A 
necessary condition for an algebraic homomorphism to preserve geometric type of 
object in the plane is that the preimage is locally reduced and that t is locally 
injective, which is the case if we consider for instance regular approximations of 
singular ip. 

Assume ip G (I) with a reduced pseudo-base Fi,..., Fp ordered after increasing 
order of zero and h : Fj ^ cjFj for constants cj. Consider Eqi = {Fi = CF2 3c}. 
As Fi has a representation with locally isolated zero’s, if Fi — CF 2 ^ 0 on the 
boundary of a small disc ft containing a zero to Fi then according to Rouche's 
theorem, Eqi must be a locally discrete set. In the same manner for holomorphic 
coefficients, even if we have non-trivial foliation in the coefficients. 

It is not difficult to prove that if (/') is finitely generated through an algebraic 
homomorphism, then N{I') is algebraic. Let fl' = N{{!')) (closure in 
Whitney-norm) and h : (L)(fl) —>■ (/')(n'). This must mean that ft' is domain of 
holomorphy, if fl is a domain of holomorphy. Since h maps constants on constants 
and polynomials on polynomials, we have that fl' is a Stein-domain if 17 is a 
Stein-domain. Note that it is sufficient for the last result, to consider symbols on 
the form 1/i?, why it follows since h is locally bounded. In the case where (/') is 
infinitely generated, we can settle for studying regular approximations. 

The measure /r. The disjoint decomposition of L = { 7 ( 0 ;)} that we have found, 
can be used to define a submersion and corresponding transversal set. Define 

J = {g dw{Fg)=dFw(g)} 

and assume that dw is reduced, for a homomorphism w. We have 

dwF — Fdw=dFw + Bi + B 2 

and Bi = {dwF —dF ru) = 0 on J, also B 2 = {dF w — F dw) € C°° for g G £'. 

We thus have dw{Fg) = dF w{g) -I- C°°. For g G J, we have w{F g) = F 
w{g) -f c, for a constant c. Assume F w{g) = 0 and 

wiFg){"fix)) = and F = {^ = 7 ( 2 ;)} 

then for g G J, we have u = const, and F~^ {wF g) = 5o- Define 

E' = {x F~^w{Fg) = w(g) g G J} 

Since H *' ip ^ Ft as(^—>-1 and analogously for Ft *" ip, we see that E = E'. 

Thus, for X G E, we have w{g) = do and for x G A^, we have w(g) = 0. Further, if 
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h{g) = w{T g) — J' w{g), we have h{g) = 0 on S and ii g G J, we have 
h{g) = const, on A^. 

Assume g = tF w — wF a positively definite measure for an algebraic 
homomorphism w. We have the following proposition. 

Proposition 32.1. The measure g is finitely generated for algebraic 
homomorphisms w and infinitely generated for analytic homomorphisms on the 
form h = TeW. 

Proof: 

According to Riickert’s Nullstellensatz, if < >=< 6 x{‘f),'ip > for 

(/?,■!/'€ H{V) where P is a bounded neighborhood of 0 , then < >= 0 for 

large N. It is not difficult to prove that there is a gi G H such that 
F w{g^) = F = F w{I^{gi)) = constant. In the same manner there 

is a go G H such that wF g^ = [w, /a] {Fgg)^ = 0 . Note that if w is algebraic 
[w,/a] = [w,/a] = [/a,w] = [/A.wj.n 

In the case oi h = TeW, to prove that the measure g is infinitely generated, it is 
sufficient to consider the one-variable case. For instance, 

g = [IA, Tew] — [/a, . Let Ti = ^ — ix, T 2 = and so on. Thus 

/i ~ ^ ^TnW and we see that g is infinitely generated for e > 0 . It is clear that g 
modulo monotropy is finitely generated.□ 

Assume now that g is algebraic in the tangent space, that is dg^(g) = dg{g‘^) and 
consider gi = F dg — dg F . Thus gi is finitely generated. The proof is 
completely analogous with the one given above and further it follows that if w is 
algebraic in the tangent space, then dg is finitely generated. Let /i(2) be the 
measure corresponding to then dgp 2 ,){g) dg{g^) for w algebraic. That is 
assume gi * gi a regular approximation of g^, such that ^ 5- Then 

dg( 2 ){g) dw'^ig) - dw'^igi) -G- dw‘^{g) - dw{g‘^) = d{w{g‘^) - w{g‘^)) 

Given existence of gi as above we have that /i(.) is algebraic in the tangent space. 
Consider h = t^w with w algebraic. We have earlier considered ^>^^(7) = dgi^j) 
with 7 = ('ip, h{'ijj)) and ip reduced. This is finitely generated and we have an 
estimate | * 1 *^( 7 ) |< C | ^/> |^ for the Puiseux-index p and a constant C. 

Assume 7 = {pi, h{p))) with ^p reduced (or h reduced). If 7 —>■ P, then P is on the 
curve and also P is on the curve 7. Assume that P singular for 7. Then 
d'j{P) -I- drj{P) = 0 . This means that Re 7 is singular in P. Conversely, if P is 
singular for Re 7 and d'y —>■ p, then p must be purely imaginary. In the same 
manner if P is singular for Im 7 and dj -G- p, then p must be purely real. The 
conclusion is that if either Re 7 or Im 7 has P as singular point, then it can not 
be singular for the other unless it is singular for 7. 

Denote dh — hd = [dh] — [d/i] *. li h = h* we have locally dh — hd ^ 2i Im [dh]. 
Sufficient conditions for a regular approximation are h{dg) ^ 0 dg ^ 0 ) and 
dh{g) ^ 0 . Assume g satisfies these conditions and 
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(18) dh{g) - h{dg) - Im [dh] (g) 

li h ^ h, then locally d[ Im /i] ~ Im [dh\. Through the conditions for the 
dynamical system, if P is singular for Im [dh\ that is ( (IT8)) = 0), then P can not 
be singular for 7 if it is not singular for Re 7. Thus if we assume real dominance, 
then singular points are given by the ones for Re 7. If h?{g) = h{g‘^) + where 
dF 0, then there are dFi of type —00 such that dF — dFi is of type 0. We 
could say using the generalized Cousin integral representation, that h'^{g) = h{g^) 
in the tangent space modulo regularizing action. 

32.1. Algebraicity in the tangent space. If h is not algebraic but algebraic in 
the tangent space, we have 

dh~^{g) = dh{l/g) = dhi^^) = d'^h^{g') = d'^h{g'^) 

^ j 3 

If h is algebraic in the tangent space, the corresponding g' is algebraic in the sense 
that g'~^{g) = gdh~^{g) = (1 — g')d^ W{g'). We can form the ideals 

{J\) = {9 dh{g) > A 5 } 

for A > 0. We have that dh^{g')/g' does not change sign over If g' is real 
then g'^ > 0 and also g'dJ2 {g') does not change sign over {J'x)- For g' ^{g) we 
have constant sign on (J^) fl V± where V± = {g ± 5 > 0}. Thus g'~^{g) only 
changes sign on {g = 0 }. 


33. Analytic sets and symmetry 


33.1. A weighted lineality. Assume h{f) = P/Q for polynomials P,Q, where Q 
is assumed hypoelliptic and self-adjoint. Let lo-rr, ~ TrilnTr). Thus 


Q{x + V) j 

Q{x) 


a/O 


Qa (^) 

Q{x) 



for I ?7 |< i?, 77 real and R finite and where QalQ —t 0 as | x |—>■ 00 . Note that the 
condition Q hypoelliptic, implies that there are | x \ large such that 
Q{x + g) ^ Q{x) for g ^ 0. We now have 

We now introduce a "weighted" lineality = {g = Ih Vx} where 

the term ^h{f) is assumed insignificant. Let t^IhTt) = 5?;, so that 

= {9 El {9o,{,x)g°‘^%{f) =P/Q} = {g qo,{x){D°‘gr,){f) = P/Q}, 
where E' denotes a finite sum, since we have assumed Q a polynomial. Further, 
we assume qa{x) —>■ 0 as | x |—>■ 00 and | 17 |< i?. Let 
^x = {9 J 2 a 9 c,{x){D/jg^) = {P/Q) 6 o{g)}. Thus, 

- P/Q = El 9 a{x){D^gr,{f))- Note that {77 E' = 0 Vx} corresponds to 
the set Ax^y{h) in the Wey 1 -calculus, that is invariance for translation with g in 
both variables separately for the kernel FI. Further if g is considered on a 
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line-segment L, then is considered on the dual line-segment F, 
"Tl = in Expp^A- 


33.2. Riickert for monotropic homomorphisms. Assume h{f) = Teg{f) as 
earlier and h(f) with a zero in a point a G C“, which is not of infinite order. We 
assume g{f) 7 ^ 0 in a and in a neighborhood of a. Consider now translation along 
a transversal emanating from the point a. We have seen that g{f) = 0 is 
modulo monotropy equivalent with r^g^ (f) = 0 and further (f) = 0. (Note 
that e depends on N,f and a). Assume N{Jg) the zero-set to the ideal 
corresponding to g, is an analytic set. We assume that it has positive dimension 
locally (that is near the translated a). Then there is an irreducible, given a 
stratification of N{Jg), of dimension > 0. This gives a neighborhood of the point 
a, where h^{f) = 0 

Lemma 33.1. If h is an analytic homomorphism with a zero in a point a, with 
factorization h{f) = T^gif), where g is an algebraic homomorphism with N(Jg) 
locally of positive dimension, then h^ has an infinite zero in a, for N > Nq, with 
Nq positive. 

33.3. The set of symmetry, Sx,y Let 

E,x,y = {?? H{x + g,y — g) = H{x, y) Vcc, y G C"} for the kernel to a continuous 
linear operator h on fl H. Assume to begin with that the kernel H{x, y) is in 
n H, such that h is compact. Then H{x + g,y) = H{x,y + g) g G ^x,y for 
all x,y. Particularly, A^j^j, C and with the conditions on H{x,y) above, we 
have that h has slow oscillation over Ex,!/- If E* y is the set corresponding the 
adjoint operator h*, we have for h* = h that E* = E^j^y. Assume 

^x!‘y = {il H{x + g,y) = H{x,y + g) | a; 00, | ?/|-)> 00} 

and correspondingly for A^^^, we then have for g such that \ g \< R, R finite, 
that E^y = ^x As^ = Tri^HTri is bounded. Assume 

^x!ij = {v H{x + g,y)=H{x,y + g) x,yGV} 

where P is a set of positive dimension containing the infinity. If 77 G E^, y and 
h* = h, we must have g ^ A^ and conversely if 77 G A^^^\A^ then g G E^^. 

Lemma 33.2. If g G ^xy h* = h over fl H, then g G 'Ex,y 
Proof: 

Assume h is such that = Ih on a set of positive dimension in the infinity, for 
77 finite, then the proposition follows from Lemma l33.II P. 

Assume hi{x,y,g) = H{x + g,y) — II{x,y + g). If hi is entire in (x,y), we must 
have for 77 G E;^®, that hi is identically 0. Otherwise, we assume hi holomorphic 
in a domain O containing the infinity. If hi is 0 on a set P C O of positive 
complex dimension (we assume V contains the infinity), then hi = 0 on O. The 
definition of H can be extended outside O to a constant, or for H developed in a 
pseudo-base, with constant coefficients, to an entire function. Again, if 77 G E;^®, 
where h is according to the conditions in Lemma [33. 11 then there is a A 
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sufficiently large, such that {Ig^^ — /ft)'^ = 0 on a set of positive dimension close 
to the infinity. Taking monotropy in to account, this means that Iq ■ 

The conclusion is thus, that for h = h* bounded over fl H, if we consider the 
sets corresponding to the iterated operators , 

( 19 ) ‘^x.As "^"1 U ^x,y a disjoint union 

Note that given the division rj G 77 = 771 + 772 with 772 G ^ and if we assume 
9x1 = TrjF = {TxiIcTri =)t> 72'^171 where T’ is a self-adjoint integral operator with 
kernel representation such that F ^ , we have the representation 

grj = Re (r^,F) for 77 G 

In the case where h does not have a kernel in fl H, we still assume 77 G 
This means particularly, that given that the translation is bounded, for | 77 | finite, 
h and h* have slow oscillation relative Q. Assume instead that h~^ is bounded, 
then obviously C A^^^. If we assume locally injective, for large N, we 
also have the opposite inclusion, A^^^ C 'F^xy- Further, we know that under these 
conditions, if 77 G ^x As^ ^ ^ ^x As as t —>■ 00 since the translation 

is a compact operator over reduced elements. Naturally, the decomposition ( 1191 ) 
holds for the iterated operators also without the condition that the operator is 
bounded on D H. 

Assume now h is not self-adjoint, but such that h ^00 Re h. Consider as a 
function of a complex 77 and let G/j be the kernel corresponding to 
Txi Re InTy = Igr and in the same way, let Flu be the kernel corresponding to 
Re Ih- Both operators are considered as locally defined in z,w. Thus, 

Gr{z, w; 77) = ^iF[{z + r],w - rj) + H{z + ri,w - 77)). Over 
tij G S( Re h) = S*( Re h), for all real t, we have 

Gr{z - rj,w + rj; 77) = Hr{z, w) O 

u; -I- 27 Im 77) -I- H{z,w)) = ^{F[{z,w) + H{z,w)) 

The necessary condition is thus that 2 i Im 77 G A (‘/ft). Conversely, if 

2 i Im 77 G A2 ^u,(/ff), where Ih is locally defined in z,w, then tij G Sz,u,( Re h), for 

all real t. 

33.4. Behavior at the infinity. Note that for 77 G , we have that a constant 
value is preserved for hi in (cc,?/), in the sense of Cousin [HI, why it is natural to 
consider the quotient-topology Ihiif) = P/Q, and / = P'/R. 

Lemma 33.3. If P is a polynomial with a real zero in the infinity, then the set 
of complex zero’s to P close to the infinity does not have positive complex 
dimension. 

This means that P does not have an infinite zero in the complex sense. If h is 
such that is injective (assume / reduced), the proposition that the zero in the 
infinity has complex dimension is that it is a regular point in the zero-set to 
h{f) = P/Q- Assume / = P'/R an entire function, then there exists h, a 
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differential operator or h differential operator, such that / G Jh- Assume 
further that R* = R and hypoelliptic. The local condition 

(20) Q{D){P'/ R) = constant 
means that, for an appropriate test-function (/?, 

Q<y‘4>D°^{P'/R) = Y.a,/3 ^ constant. Assume 

p/(^i)/^ 0 as I ^ oo for all ^ 0 (slow oscillation relative R). A necessary 

condition for the condition (j20ll is that P' and Q are in some sense equivalent. We 
will settle for P' R, that is / G and where h{f) = constant we have 
I 1 — g{P'/R) \< e, for an algebraic homomorphism g. Particularly, if g = 1, 

P' ^ra R- We can now study the ideals of polynomials 

( Jq) = {P 3R hypoelliptic and self-adjoint P « R P ^rn -R} 

and 

(Jq) = {P 3i? hypoelliptic and self-adjoint 5P -« R P R} 

33.5. Some results for (Jg). Assume / symmetric and Df corresponding to a 
regularizing operator, for instance Df /, with / = PfQ, where 
D = Da:, . . . Da:^. 

Lemma 33.4. Assume f as above and with Q hypoelliptic and self-adjoint. 

Then D^^ P -<-<. Q for all /3j ^ 0 ^ Im P Q 

Proof: 

It is not difficult to prove that for Cipj = fip — ipf, where is a real test-function, 
arbitrary in C^, 

(21) Wif £ ^ Df^^ f <-< I V/3j ^0 

Particularly, we have that, 

Lemma 33.5. If f has finite type and f = R/S, where S = S* and hypoelliptic, 
if Df I, then SR S. 

If Q is real, we obviously have Im / ^oo ( Im P)/Q. If Q is only self-adjoint, we 
have if we assume P < Q and Q hypoelliptic, we get the same conclusion. With 
these conditions on Q further, D{^) ^oo and through the conditions on /, 

/ f, so if we assume {D^^P)/Q ^oo for ah Pj 7^ 0) then 

according to m CipJ ^ with (fi arbitrary in Cq°, why 
Im / ^oo ( Im P)/Q -<^ I. The converse follows in the same manner. Thus, 

Im / / implies C^pj « I and according to (|2T|) . D^^ f I for all jdj ^ 0 

and we are done. □ 

Note that if for P, Q polynomials, P — Q has a real zero in the infinity and if 
(P — Q)^ has a zero of complex dimension in the infinity, then (P — Q)^ can not 
be a polynomial. However, (P — Q)^ has a ps.d.o realization with a regularizing 
action and with a polynomial part. Note that if Pj is reduced for all j, we only 
have to deal with isolated zero’s, but Pj may well have a zero of infinite order. 
The condition, Pj G rad^lREo) implies that we do not have a zero in the 
infinity, but (X)j Pj)^ Ylj PjP for iteration indexes pLj, where the right side 
may have a zero of infinite order. Assume V a set of positive complex dimension 
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containing the infinity and h{f) = Pj, such that h satisfies the conditions in 
Lemma 5-4, then h^{Pj) has an infinite zero in the infinity and we can 
assume {f) G ■ Note that Jy denotes the ideal of symbols with an infinite 
zero on a set of positive complex dimension V. This corresponds to an operator 
with regularizing action in a ps.d.o realization. 


33.6. Behavior in the origin. Assume g = R/S, with S hypoelliptic and 
self-adjoint and Dg —>• 0 as | x |—>■ oo. Let Joo = {g D{f — g) — 0 3f G Jy}, 
that is, g = f + c for a constant c in the infinity. The conditions on g mean 
particularly that g G {IYq- Note that Joo is locally defined and that V is assumed 
to have positive complex dimension and that V contains the infinity. Particularly, 
if g —>■ 0 as I X |—>■ 00 , we have that g G Joo can be approximated by Jy ■ 

Assuming zP{z) = F{^), for a polynomial P and F holomorphic for 
0 <|z|<A<oo. Iff has an infinite zero in the infinity, we can not draw a 
conclusion concerning the order of zero for P in the origin, since this corresponds 
to an essential singularity in the general case, as z —>■ 0. However, since zP{z) —>■ 0 
as 0 —?> 0, for all polynomials P, we could at least formally say that if P G Joo, 
zP{z) has a zero of infinite order in the origin. 

Assume V a complex domain that contains the infinity and u G C'^{V). We know 
that log I M I is a sub harmonic function on V\Zu and that log | rt |= —oo on 
Zu- Let u = e®, then Z^ becomes the polar set to —g (u is also holomorphic on 
V). Let (I) = {g e® —>■ 0 | x |—>■ oo}. For a complex-valued g, the 

corresponding ideal is not closed, but we can assume g ^oo Re g or consider 
rad{I), to get a closed ideal. 

Assume h{e'^) = with h{f) = Tjg{f) and / = e^. Then we have that N(h{f)) 
is the polar set to h{(p). A comparison between the dimensions for N{h{f)) and 
N(g{f)) corresponds to a comparison between the dimensions for the polar sets to 
h{(p) and g{ip) respectively. Note that we may have dim V = 1 for V ^ mV and 
dim V = 0, this because e depends on the choice of point x. Further, note that 
Dth{f) = TeDtg{f) = 0, means h^,{t) = g*{t) = 0 or dh{ip) = 0. Further, 

so the latter condition is dh{ip) = Tf^d{h ^gh{(p)) =0. If h is 
self-adjoint, we have dh{f) = 0 iff / = 0 without reducedness for h. Further, 
dim N(f) = dim A, where A = sng N(h(f)). 


33.7. Schwartz-type topology on the phase-ideal. We will in this section 
refer to [51] for notation and results. A contour F, is a C^-mapping W —>■ R", 
where W CC R" is open and we have F 1-1 and also JF 1-1. A contour is “good” 
for a function ip, if ^ < —C \ rj p for a positive constant C and for g traces 

F. Here (p is assumed continuous H —>■ R, with H C C*. For u G we define 

It{F) = u\{y)dy . Over such ip, we claim that is a compact 

operator. Note that ip can be regarded as the monotropic function to a 
corresponding holomorphic function, further that the germs are locally 
finite-dimensional. Further, if / g and 5 —>■ 0, along complex lines, then 
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I / — 5 |< Qcd)) for <5(0) = e, as t — >• oo. Particularly, we have / ~ g in 

that is the difference gives an exponentially small contribution to the integral Ir- 

The condition that i] £ as implies that the translation is weakly compact over 
h and (p £ {I)'q, that is Trjh (r^ ip) —>■ h{(p) as | a; |—>■ oo and symmetrically as 

I y |—>■ oo. Thus Tr/ip has to converge as | a; |—>■ oo and Tri is weakly closed over ip. 
By realizing Tri as a measure over (/)g, Tri can be considered as weakly compact. 
Particularly, the extension used to dehne the Schwartz-type topology, is weakly 
compact. 

Note that, if Tj^ih) = TrjhTj^, for 77 £ we have that is a compact operator, 

even though Trj is not compact unless h is reduced. We define 

= {v (Trj — I){Qh){x) = 0 Va;}, where is assumed compact over {Qh). 
We have seen that modulo monotropy, A^ = 0 , for the set corresponding to , 
for all N > No, for some Nq. Thus, A^ has, for all N, representation with locally 
isolated points and can be realized by a locally injective, also C°° mapping. As 
A«ndA« c AQ, as an analytic set, the same argument can be applied on this 
set. For an operator on L^, on the form A = — I, under the assumption that 

viAQ, we have N{A^) = N{A^^^), N > Nq, for some Nq. Modulo monotropy, 
we have ip £ N{A^) implies y £ and through the conditions, we see that 

?7 = 0 . 

Assume h localized to 2 Re ft, = h{x + ^) + h(x -I- 77) as earlier. We then know that 
A^( Re ft) = { 0 }. Thus, 77 G A^(ft*) 77 G A^(ft). If we have ft* = ft, then A^ 

is symmetric with respect to the real axis. Further, T^^Qh = Qhr-r), why A^ is 
symmetric with respect to the origin. Assume A^ C Uc, where Uc is a convex 
neighborhood of the origin. This neighborhood can be seen as a porteur for Sr^ ■, 

and S't-,, has indicator —00 over the porteur and (/i). 


33.8. A generalization of the Cousin integral. The problem is to determine 
if It can be used to generalize the Cousin integral. Assume p{x) = log {x — y). If 
F describes a circle-segment, then $ = J), (^■^e^'^)u\{x, z)dx is on the form of a 
Cousin integral. $ is a representation of F\ = {x — y)^u\ and if 7 *^ 0 in a point 
y, then F\ has a zero of order A in this point. Further, <I> has analytic 
continuation along a transversal to the circle-segment F. Note that if F has a 
disjoint decomposition as an analytic set, for instance using properties for the 
phase-function, then the representative <I> has a corresponding decomposition. 
Assume the phase dehned, modulo monotropy, through a homomorphism, such 
that F = A^ U Fix.y disjointly and ip^ Tx' Re Tx'ij), for an analytic (p and 
x’ £ A^, then 


$ = / ^^'*)ux{x, z)dx 

Jr 



JaS 4 


^^^'^)ux{x,z)dx 
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Note that the integral corresponds to Irl^iuxix, z)), where 


h>= = Re 


Assume (p = hipp), where p € {I)'q and where h is assumed self-adjoint in and 
self-transposed in the duality between H' and H. We then have 
Let h be defined by By considering Ir{u\){y) as functional 

Hx —>■ Hy and using Stoke’s formula, if h is defined by dh = hd, we see that 

J = J h'^ie^^^^^)uxix, z)dx = j z)dx 

If k is selected so that is linear, over the "eigen-spaces" to this operator, i/> can 
be selected as the real part of a holomorphic function. Also note that we can use 
that dh is reduced, that is for ux in the symbol-space, there is a local constant c 
such that _ 

J e^'^h^{ux)dx = ^ J e^'^h^{ux)dx 

Let ^^( 2 ) weighted lineality corresponding to h^. We now claim that 

A^( 2 ) C but the converse does not necessarily hold. Assume h* = h and 

let Txjh = hr*. The condition that 77 G means that Trjh'^Tri = h? Tp^h = h, 

thus = T^* = 1. Thus, r^/ir^ = h. Conversely, Trjhxjj = h, means that 

that should be compared with TrjT*h‘^ = h? and if Im rj ^ 0, we do not 
necessarily have the opposite inclusion. 

Lemma 33.6. A^ is decreasing as N increases. 

Assume T is a circle-segment with center {0} in a complex variable. Let 
Iy{ux) = /p e‘^uxdx. The Cousin-integral d) can now be given as 
d> = -^/r(MA) = j^{j^e^)uxdx and -^It{ux) = -Iv^j^ux), where y is assumed 
to lie in the same plane as x, thus $ = Jp e'^-^uxdx. We know that $ can be 
analytically continued along transversals ^ y, such that Im (x — y) = 0 for a; G T 
(a real phase). $ is constructed according to Cousin, by adding to d> terms on the 
form FA/r(^e“‘^)/27ri = Fx log {b — y), where b is the one end point of T, given 

in local coordinates. Analogously, for the other (±). $ is then regular over the 
transversal, to at/. 


Assume now instead that Re h ~oo h and y = (x — y), with Im rj G A{*Ih). 
Given a disjoint decomposition of T, we now have ty G Re h), 'it real. If we 

represent $ as a Jr-integral for p = h(t/>), where ip can be chosen as real, we have 
that for p’^, it is sufficient to consider Ip with a real phase. In the case with a 
complex variable, we thus have i {0} as A f 00 . For the case with several 

variables, it follows immediately through the one-variable result, that {0} is 
represented as an isolated point in A^^jy^ for N sufficiently large. 

We can now repeat the argument concerning the set of lineality Ac. Define the 
ideal J = Let Vi = C/i\A^(^) C A(J) = Ui=N{ Nv,). The 
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construction can be iterated, V 2 = C/ 2 \A^^ 2 ) C C/ 2 - Since 

(N) as A t 00, since is defined by a homomorphism {h:H —>• H'), 

we also have that Vn is decreasing as A f 00. Thus, C/at is decreasing with respect 
to inclusion of sets, 0 ^ Vat, for all A, but cp G for all A. We have 
rad = Af Un all A and <p G means t = 0 and corresponds to a real 
phase, that is is reduced for weighted lineality. 


For a generalization to the Cousin-integral in several variables, we can use the 
same argument. Thus, there is a positive Aq, such that A^^^^ = 0, A > Aq. 

Further, can, for any j, be realized by a locally injective (/'“-mapping with 

a locally injective differential. The corresponding integral will take the form, for a 
positive constant C 


...,Xk, z)dxi ...dxk = 

Oxx Oxk 




\v(xi . Xk) ■ ■ ■ T z) 


{xi - 2/1). . . (Xk - Vk) 


dxi ... dxk 


34. The phase ideal 

The Hamilton-fields. Assume ft a convex set, in the sense that any straight 
line between two points in is contained in fl. We assume that the trajectory we 
consider, 7 , has an interior that is convex locally, so that in a neighborhood of a 
point on 7 , in a small circle centered by a point, the inner of 7 is situated on one 
side of the tangent to the point. 


Consider the system 

# _ p dhjilj) _ 

dp dp 

We then have ^ and = Q-^ and we consider the Hamilton-fields 

Hh = Yj ^ ifr ~ ^ ^ ■ The Poisson-bracket can now be used to define an ideal 
over a domain H. Further, if H is a convex domain in the sense above and satisfies 
the two regularity conditions and if h = 0 on H, then G H for \ t \< to 


Assume h constant over tp , that is G ( 1 ^.), hijp ) = pip and H = A(/^), we then 
have = 0 and in any singular point to the system, Hh { ip ) = 0. In this case 

AgtHfe = 0 for I t |< to- If the order of zero of the point to P is infinite, Hh{ip) = C 
in a C-neighborhood of the singular point. Consider h ( pp ) = pip and assume 

Ship ) _ SP _ Q Sp 1 d u _ k d Sh dtp _ SQ i dh Sip _ U ( SP \ 

<50 “ <50 “ P <50 <50 - sp and ). 

So, Hhiip) = Yj ~ Jp- If '5'^® assume also = Pjj^, we have Hhiip) = 0. 


Assume h self-adjoint and such that is locally injective and consider 
r]{'ip)ip = h{ip). With these conditions 7 is a real-valued function and 

^dp dh{ip) h{'ip) 

^ dip dip ip 
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Assume further ^ for a real /x. Then, = /|^|=i 

Further Im h{ip)d4> = 0 because since h is locally defined through a 

polynomial, we have locally h* = h. Particularly, if we consider = h{e^) and 
consider the above relations with h replaced by h 

Im / = 0 

Jw=i 

The conclusion is that if the ideal that defines the phase is hnitely generated, the 
imaginary part of the phase does not contribute to the corresponding operator. 

34.1. Analytic continuation for Ir- Assume g = go + *c, for a constant c and 
go real. If there exist gj < g such that h{u) — v G we say that h{u) ~ p in 

In the same way /p e^^^^^udx ~ /p e^^vdx. Assume hj{g) = h{gj) and using 
continuity, hj{g) -G h{g) as j —>■ oo, further Jp e^^hj {u)dx -G /p e^^vdx in {Hg°‘^y, 
modulo the equivalence above. Thus if we write v = h{u) we have 

J —>■ 0 as j —>■ oo 

. This corresponds to analytic continuation for /r over a real phase. Given 
lineality, we can chose gj non-constant and real where gj corresponds to Ir- Now 
consider 

It — It = J e^^{hj{u) — h{u))dx = J 

and if hj{g) — h{g) < tp we get for Jr ~ Jp, a remainder term that gives an 
exponentially small contribution to the integral representation. Trivially we have 
if ~ in that there exists g^ G H{n) such that g ^ go and / go- 

Further there exist Jp such that Jr — Jp 0. 

Assume as before rj G '2‘x,y implies T^h = h for T^h = TghTg. Consider 
So = {a; < tx^g >< 0 Vt} or equivalently {x < x,tri >< 0 Vt}. Let 

Fg = Tg — J, where Fg is considered in iJ'(So). Further, 

S° = {?7 Tg — I of type 0}. We see that if 17 G then Eq contains entire lines 
and we can in this way define a conic neighborhood of E^, y according to E°. 

We have noted that I {0} as A f 00 and we assume h is algebraic over 

J(A^) = {ip (/? = 0 on A^}. If is locally injective, we have also that g is real. 
Let otherwise L be such that h{L) = J(A^), then g^ G L and g G rad{L). 
Obviously is locally injective over J(A^), for large iteration indexes, which 
means that the corresponding g defines a real phase. More precisely, define (Li) 
according to h{Li) = J(Ai) and (L2) according to J^(L2) = J(A2)and so on. The 
proposition is thus that if (J) = (J)(0) is defined through (h, h^, h ^,..., h^~^) 
according to a chain of ideals Li C ... C Lm-i = (J), then is locally 

injective over (J). 

ip G (J) is such that ip = Cjh^{gj) for gj G Lj and since we are dealing with 
geometric ideals, we can make the decomposition disjoint such that 
ip = djgj) 3gj G Jj and (J) = ©j J,. li ip G J(Ai) then h{ip) = h{g‘^) for 
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g S (^ 2 )- We now have that N{h{I{Ai))) = N{h?{L 2 )) = A 2 C Ai. Thus, 
h{Lp) = 0 implies 93 = 0 and we have also that h is locally injective on (/)(Ai). 

Note finally that \i R = {tf ip real }, we have h:R —^ R and rad{R) —>■ rad{R) 
and further rad{Li) C h{L 2 ). In the more general case, h is algebraic in the 
tangent-space and singular points are points for which g is constant. These 
constant phases can thus be approximated by real and non-constant ones. 

34.2. The quantitative version of Riickert’s theorem. Assume the ideal (/) 
defined over a domain of holomorphy such that for all ip € (/), h{ip) is in the 
kernel of an elliptic operator. We then have that is a polynomial over Vt\R,. 
Particularly, \i h = hwe have that the polar set to h{ip) is an algebraic set. 
Assume h{e‘^) = PjQ for P, Q polynomials and Q* = Q hypoelliptic. We are 
going to prove that h{e‘f) = V + XQ, for a polynomial V in for instance xi and we 
make the approach XQ = h{e'^) and 



If the representation can be proven in the vicinity of the real infinity, then this 
implies assuming P <Q that ^ Q. Further 5X -« I given that 5P -« Q. 
We will use a special case of a Lemma by H. Cartan (cf. [1]). Let 
Ar = {{xi,...,Xr) \xj\<rj Vj} and A^ = {(a; 2 ,... jXr) \xj\<rj Vj} be 
polycylinders in the complex space. If Q has zero’s locally in A^. and if / is 
holomorphic on A^ then there are A, V such that / = XQ + V where the 
polynomial in xi has degree deg Q — 1. If | / |< I on A^ we have that the 
coefficients for V are holomorphic on A^ and of modulus < M for a positive 
constant M. Further | A |< M on A^. The definition of A can be proven 
independent of r' close to r. We will briefly sketch the proof. If Vp are the 
coefficients to the polynomial V we have that | iJp |< c' on A^' for a positive 
constant c'. Thus there exists a positive constant c" such that | XQ \< c" on A^. 
For (x 2 ,... ,Xn) S AJ,, and \ xi \ = ri we have that | Q |> c for a positive constant 
c why using the maximum-principle we have that | A |< M on A^. for a positive M. 

Consider again the polar set {!) = {(p —>■ 0 cc —>■ a} and its closure with 

respect to Whitney-norm (/). Thus (p G {!) ^ ip ^ 0 {p ^ const.) x ^ a and 
we assume also that the limit is uniform in a neighborhood of the point a. We can 
now define a module of uniform approximation of 1 (or of a constant) through 
non-constant functions ij: = with p real. Denote this module A^o- It is evident 
in the minimally defined situation that A4a C Ju, for a homomorphism h and that 
M-a = Ma (Whitney’s theorem). 

Assume D a domain of holomorphy and F = bd D a compact set, further that 
/i,..., /p are holomorphic functions on D, constituting a pseudo-base for a 
geometric ideal (/). We know that there is a module of coefficients, cj G A4, 
holomorphic on a compact polycylinder A C XI such that '^jfj = 0 on A. We 
also assume the equation djfj = 1 solvable on F. If w is an algebraic 
homomorphism (/) —>■ (/) such that w{fj) = constfj for all j, then we obviously 
have Af = is a module such that we can solve the equation Oj/j G Jw, 
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where {Jw) = ker w. If w is reduced and M.a is the module for uniform 
approximation of 1, that is Cj —>■ c° such that c'jfj —>■ 1 on F, then the 
approximating functions can be selected from A/. If we instead consider a 
homomorphism w:(I) —>■ (I) as factorized through r^g for an algebraic 
homomorphism we can form J\f as before and solve the homogeneous equation 
modulo monotropy. For the module of uniform approximation, we can consider 
the equations dw{J2j ^jfj) = 0 on F and w(J2j ^jfj) = 0 on 17. If w is such that 
is locally injective we have the minimally defined situation and we can always 
find g G (Ji„)(n) such that g ^ g^ uniformly in a neighborhood of F. In the case 
where w is an algebraic homomorphism, it is sufficient to chose Af = (Ju,)(n) and 
in the case of a factorized homomorphism we have the same proposition modulo 
monotropy. 

We have earlier considered the example 17 = E and F = and the ideal 
(J) = {g dh{g) = 0} for a homomorphism w such that dw is reduced (locally 
injective) and h{g) = w{g) — w{g). We write aj = and assume that 
w{aj) = w{(fj) —>■ 0 as a; —>■ a for a: £ y, y a neighborhood of a. If U is the dual 
to V in Exp, we see that w{(pj) € £' The problem is now to determine the 

support for these measures. We can also assume | w{(pj) — |< e for x a, 

X close to a. This means that the phase w{ipj) can be seen locally as a polynomial 
operator Qj{D)6A, where A corresponds to a through the duality. Under the 
condition Df /, it is sufficient to consider operators Q of first order. 

A comparison with Cartan’s version of Riickert’s Nullstellensatz gives with the 
same approach as earlier that if h{e'^) = 0 we have modulo monotropy that the 
condition | h{e‘^) |< e gives | A |< Me for a positive M and a small positive e. If 
(I) = {g e® —>■ 0 a; —)► a} and g = h{ip) we can form 
(d)m = {h{ip) I h{e'^) |< e} = {h{if) \ h{ip) \< e}. We can now use 
Paley-Wiener’s theorem modulo monotropy and we see that h{ip) € £' thus 
{I)m can be realized through measures. 

m 
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